CYCLIC HOMOLOGY OF BRZEZINSKI'S CROSSED PRODUCTS 
AND OF BRAIDED HOPE CROSSED PRODUCTS 



GRACIELA CARBONI, JORGE A. GUCCIONE, JUAN J. GUCCIONE, 
AND CHRISTIAN VALQUI 

Abstract. Let fc be a field, A a unitary associative fc-algebra and V a k- 
vector space endowed with a distinguished element ly. We obtain a mixed 
complex, simpler that the canonical one, that gives the Hochschild, cyclic, 
^~v ^ negative and periodic homology of a crossed product E := A#fV, in the 

*vj ■ sense of Brzezinski. We actually work in the more general context of relative 

cyclic homology. Specifically, we consider a subalgebra K oi A that satisfies 
suitable hypothesis and we find a mixed complex computing the Hochschild, 
cyclic, negative and periodic homology of E relative to K. Then, when E is a 
cleft braided Hopf crossed product, we obtain a simpler mixed complex, that 
also gives the Hochschild, cyclic, negative and periodic homology of E. 



in 



. , Introduction 

+-^ ■ The problem of develop tools to compute the cyclic homology of smash products 

algebras A#/c[G], where G is a group, was considered in [F-T], [N] and [G-J]. 
For instance, in the first paper it was obtained a spectral sequence converging 
to the cyclic homology of A^k[G]. In [G-J], this result was derived from the 
theory of paracyclic modules and cylindrical modules developed by the authors. The 
main tool for this computation was a version for cylindrical modules of Eilenberg- 
Zilber theorem. In [A-K] this theory was used to obtain a Feigin-Tsygan type 

JL/ I spectral sequence for smash products A^H, of a Hopf algebra H with an _ff-module 

^^ . algebra A. 

' I It is natural to try to extend this result to the general crossed products A^fH 

^— V . introduced in [B-C-M] and [D-T] , and to more general algebras such as Hopf Galois 

extensions. In [J-S] the relative to A cyclic homology of a Galois H extension C /A 
was studied, and the results obtained was applied to the Hopf crossed products 
A^fH, giving the absolute cyclic homology when A is a separable algebra. As far 
as we know, [K-R] was the first work dealing with the absolute cyclic homology of a 
crossed product A^fH, with A non separable and / non trivial. In that paper the 



X 

^ . authors get a Feigin-Tsygan type spectral sequence for a crossed products A^fH, 

under the hypothesis that H is cocommutative and / takes values in k. Finally, 
the main results established in [K-R] were extended in [C-G-G] to the general 
Hopf crossed products A^fH introduced in [B-C-M] and [D-T]. In particular were 
constructed two spectral sequences converging to the cyclic homology of A=fffH. 
The second one, which is valid under the hypothesis that / takes values in fc, 
generalize those obtained in [A-K] and [K-R]. 

Let fc be a field. An associative and unital /c-algebra E is an smash product of 
two associative and unital algebras A and B if the underlying vector space of E is 



2010 Mathematics Subject Classification, primary 16E40; secondary 16T05. 

Key words and phrases. Crossed products, Hochschild (co)homology. Cyclic homology. 

The research of G. Carboni, J. A. Guccione and J.J Guccione was supported by UBACYT 095 
and PIP 112-200801-00900 (CONICET). 

The research of C. Valqui was supported by PUCP-DAI-2009-0042, Lucct 90-DAI-L005 and 
SFB 478 U. Miinster, Konrad Adenauer Stiftung. 

1 



2 G. CARBONI, J. A. GUCCIONE, J. J. GUCCIONE, AND C. VALQUI 

A (x) J, B, the maps 

A ^ E and A ^ E 

a\ ^ a ®fe 1 51 ^l(g)kb 

are morphisms of algebras and (a (E)k 1)(1 ®kb) — a®kb for all a G A and b E B. 
Let R: B (E)k A ^^ A (E)k B he the map defined by R{b (E)k a) := (1 <E)k b){a (E)k 1). 
It is evident that each smash product E is complete determined by the map R. 
This justify the notation A^^B for E. An smash product A^^B is called strong 
if R is bijectivc. A different generalization of the results established in [A-K] was 
obtained in [Z-H], where it was found a mixed complex, simpler than the canonical 
one, that computes the type cyclic homology groups of a strong smash product 
algebra. Using this the authors construct a spectral sequence that converges to the 
cyclic homology of A^j^B. The Hochschild (co)homology of strong smash products 
was studied in [G-Gl]. 

Let y be a fc-vector space endowed with a distinguished element 1 and A an 
associative and unital fc-algebra. We say that an algebra E with underlying vector 
space A(E)kV is a, Brzezihski's crossed product of A with V if it is associative with 
unit 1 (^k 1, the map 

A ^E , 

a I s^ a (xjj, 1 

is a morphism of algebras and the left A-module structure of A (8)fe V induced by 
this map is the canonical one. Brzezihski's crossed products are a wide generaliza- 
tion of Hopf crossed products and smash products of algebras (the relation between 
smash products and Brzezihski's crossed products of algebras is analogous to the 
relation between group smash products and group crossed products). The goal 
of this work is to present a mixed complex (AT*, d*, _D*j, simpler than the canon- 
ical one, that gives the Hochschild, cyclic, negative and periodic homologies of a 
Brzezihski's crossed product of A with V. This result generalizes the main results 
of [C-G-G, Section 2] and [Z-H]. Moreover in this case our complex also works when 
the smash product is not strong. We actually work in the more general context of 
relative cyclic homology. Specifically, we consider a subalgebra K oi A that satisfies 
suitable conditions, and we find a mixed complex computing the Hochschild, cyclic, 
negative and periodic homology groups of E relative to K (which we simply call the 
Hochschild, cyclic, negative and periodic homology groups of the K-algehra E). Of 
course, when K is separable, this gives the absolute homologies. Our main result 
is Theorem 6.2, in which is proved that (X,, d*, _D*) is homotopically equivalent to 
the canonical normalized mixed complex of E. As an application we obtain four 
spectral sequences converging to the cyclic homology of the K-aXgehra E. The first 
one generalizes those given in [C-G-G, Section 3.1] and [Z-H, Theorem 4.7], and 
the third one those of [A-K], [K-R] and [C-G-G, Section 3.2]. As far as we know, 
the results of the core of this paper (Sections 3, 4, 5 and 6) applies to all the up 
to date existent types of crossed products of algebras with braided Hopf algebras, 
in particular to the underlying algebras of the crossed product bialgebras consid- 
ered in [B-D] and to the L-R smash products introduced in [B-G-G-S] and [B-S]. 
In sections 7, 8, 9, 10 and 11 we consider the cleft braided Hopf crossed prod- 
ucts introduced in [G-G2]. The main result of these sections is that when _E is a 
cleft braided Hopf crossed product, (A'*,(i*,£)*j is isomorphic to a simpler mixed 
complex (X*,(i*,D*). 

Our method of proof is different from that used in [G- J] , [A-K] , [K-R] and [Z-H] , 
since they are based in the results obtained in [G-Gl] and the Perturbation Lemma 
instead of a generalization of the Eilcnberg-Zilbcr theorem. 
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Finally we want to point out that in this paper we also study the Hochschild 
homology and cohomology of E with coefficients in an arbitrary _E-bimodulc M. 
More precisely, we obtain complexes, simpler that the canonical ones, that compute 
the Hochschild homology and cohomology of E with coefficients in M. Using them 
we get spectral sequences that generalize the Hochschild-Serre spectral sequences 
([H-S]), and we get some result about the cup product of the Hochschild cohomology 
of E and cap product of the Hochschild homology of E with coefficients in M. 

1. PRELIMINARIES 

In this article we work in the category of vector spaces over a field k. Then we 
assume implicitly that all the maps are fc-linear maps. The tensor product over k is 
denoted by (8)fe. Given a fc- vector space V and n > 1, sometimes we let V^^ denote 
the n-fold tensor product V (Sjk- • -^kV. Given fc-vector spaces U, V, W and a map 
/ : V ^ W we write U ®k f for idu ®kf and f ®kU for / ®k id;/- We assume that 
the reader is familiar with the notions of algebra, coalgebra, module and comodule. 
Unless otherwise explicitly established we assume that the algebras are associative 
unitary and the coalgebras are coassociative counitary. Given an algebra A and a 
coalgebra C, we let 

H: A®kA^ A, f]:k^A, A: C ^ C (g)kC and e: C ^ k 

denote the multiplication, the unit, the comultiplication and the counit, respec- 
tively, specified with a subscript if necessary. Moreover, given fc- vector spaces V 
and W, we let T : V iS^kW ^ W <^kV denote the flip t{v (^kw) = w 0^ v. 

In this article we use the nowadays well known graphic calculus for monoidal and 
braided categories. As usual, morphisms will be composed from up to down and 
tensor products will be represented by horizontal concatenation in the correspond- 
ing order. The identity map of a fc-vector space will be represented by a vertical 
line, and the flip by the diagram 



X 



(1.1) 

Given an algebra A, the diagrams 

(^■^) V, 1 , H and K 

stand for the multiplication map, the unit, the action of A on a left A-module 
and the action of A on a right A-module, respectively. Given a coalgebra C, the 
comultiplication, the counit, the coaction of C on a right C-comodule and the 
coaction of C on a left C-comodule will be represented by the diagrams 



(1.3) 



rS ' 1 ' h^ and r~\ 



respectively. 

Consider a fc-linear map c: V (^kW ^ W (E)kV- If T^ is an algebra, then we say 
that c is compatible with the algebra structure of V if 

co{r]'g)kW) ^W(E)kV and co (^ ^^ VK) = (VF ®fe ^) o (c (g)fe F) o (F ®fe c). 
If y is a coalgebra, then we say that c is compatible with the coalgebra structure of 

V a 

{W i»k£)oc = e^kW and {W (S)k A) oc^ (c^kV) o {V i^k c) o {Aig)kW). 

Finally, if W is an algebra or a coalgebra, then we introduce the notion that c is 
compatible with the structure of W in the obvious way. 
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1.1. Brzezinski's crossed products. In this subsection we recall a very general 
definition of crossed product, introduced in [Br], and its basic properties. For the 
proofs we refer to [Br] and [B-D]. Throughout this paper A is a unitary algebra 
and T^ is a fc-vector space equipped with a distinguished element 1 G V. 

Definition 1.1. Given maps x- V ®k A ^ A i^ikV and T: V ^kV ^ A i^ik V, 
we let A^ff^V denote the algebra (in general non associative and non unitary) whose 
underlying fc-vector space is A (^k V and whose multiplication map is given by 

/iyi#y :== (ma ®fe V) o {^A ^k ^) o{A®kX ®k V). 

The element a ®k v oi A^V will usually be written a^v. The algebra AjfV is 
called a crossed product if it is associative with 1 7^1 as identity. 

Definition 1.2. hai x'-V ®k A ^ A®kV and T: V ®kV ^ A®kV he maps. 

(1) X is a twisting map if it is compatible with the algebra structure of A and 
X(l(8)fc a) = a®k 1- 

(2) F is normal if F{1 ®k v) ~ F{v ®fe 1) = 1 ®k v. 

(3) 7^ is a cocycle that satisfies the twisted module condition if 



and rxX = l^C ' where X = X ^^'^ C^ = -^■ 





More precisely, the first equality says that J^ is a cocycle and the second 
one says that J^ satisfies the twisted module condition. 

Theorem 1.3 (Brzezinski). The algebra A^V is a crossed product is and only if 
X is a twisting map and J- is a normal cocycle that satisfies the twisted module 
condition. 

Note that the multiplication of a crossed product have the following property: 

(1.4) {a#l){h#v) = ab#v. 

In particular a 1—5. a^l is an injective morphism of fc-algebras. We consider A as 
a subalgebra of A^V via this map. Conversely, each fc-algebra with underlying 
vector space A®k V, whose multiplication map satisfies (1.4), is a crossed product. 
The twisting map x s-iid the cocycle J^ are given by 

X(w®fca) = (l#'y)(a#l) and J'(w ®fe u;) = (l#t;)(l#w). 

Definition 1.4. Let A^V be a crossed product with associated twisting map x 
and cocycle J-', and let i? be a subalgebra of A. We say that: 

- i? is stable under x if x(^ ®fe -R) C i? ® j, V. 

- T takes its values in R^kV if -^{V ®kV) '^ R ®fc V- 

1.2. Braided Hopf crossed products. Braided bialgebras and braided Hopf al- 
gebras were introduced by Majid (see his survey [M]). In this subsection, we make 
a quick review of this subject following the intrinsic presentation given by Takeuchi 
in [T] . Then, we review the concept of braided Hopf crossed products introduced 
in [G-G2]. Let V^ be a fc-vector space. Recall that a map c G Endfe(F®fc) is called 
a braiding operator of V if it satisfies the equality 

(c ®fc V) o {V (g)k c) o (c (g)k V) = {V (g)k c) o (c ®fc V) o {V (g)k c). 
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Definition 1.5. A braided bialgebra is a fc-vector space H, endowed with an algebra 
structure, a coalgebra structure and a bijective braiding operator c of H, called the 
braid of H, such that: c is compatible with the algebra and coalgebra structures of 
H, 7] is a, coalgebra niorphism, e is an algebra morphism and 

A o fi ^ {fi (g)k n) o {H (g)k c 'g)k H) o (A (g)k A). 

Moreover, if there exists a map S : H -^ H , which is the convolution inverse of 
the identity map, then we say that iJ is a braided Hopf algebra and we call S the 
antipode of H . 

Usually H denotes a braided bialgebra, understanding the structure maps, and 
c denotes its braid. 

Definition 1.6. Let i? be a braided bialgebra and A an algebra. A transposition of 
H on A is a bijective twisting map s: H ®i.A ^ A®kH which is compatible with 
bialgebra structure of H . That is, s is a twisting map that satisfies the equation 

{s®kH)o[H®ks)o[c®kA) — {A®kc)o{s®kH)o{H®ks) (compatibility of s with c) 

and it is compatible with the algebra and coalgebra structures of H . 

Remark 1.7. It is easy to see that if s is a transposition then s^^ is compatible 
with the algebra and coalgebra structures of -ff , with the algebra structure of A 
and that 

{H ®k s"^) o (s^^ ®k H) o (A ®fc c^i) == (c~i ®fe H) o {H ®k s^^) o (s^^ ®fc H)- 

Definition 1.8. Let s: _ff 0^ A — > A 0^ iJ be a transposition. A weak s-action of 
H on A is a map p: H (^k A — > A, that satisfies: 

(1) po{H®ktJ) = p-o{p(x)kp)o{H®kS^kA)o{A^kA®kA), 

(2) p(/i 0fc 1) = e(/i)l, for all heH, 

(3) p(l (8)fc a) = a, for all a E A, 

(4) so{H®kp)^ [p ®k H) o {H ®k s) o (c (8)fc A). 

An s-action is a weak s-action which satisfies po [H ®k p) ~ P° ip- ®k A). 
Remark 1.9. It is easy to see that if p is a weak s-action of H on A, then 
(H ®fe p) o (c"i ®fc A) o (H (8)fc s~^) = s"^ o (p g)fe H). 
We will use the diagrams 

(1.5) w. v/ v/. ^ 



X ' X ' X ' X and H 

to denote the braid c of H, its inverse c^^, the transposition s, its inverse s~^, and 
the weak s-action p, respectively. 

Definition 1.10. Let s : iJ (xjj, A — > A 0^ _ff be a transposition, p: H iS^k A ^ A 
a weak s-action and / : H (x)k H ^)- A a fc-linear map. We say that / is normal if 
/(I (E)k x) ~ f{x (g)fc 1) = e{x) for all x G -ff , and that / is a cocycle that satisfies 
the twisted module condition if 




and 




where \ , = f . 
T 
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More precisely, the first equality is the cocycle condition and the second one is the 
twisted module condition. Finally, we say that / is compatible with s if 

(/ <»fe H) o {H ®k c) o (c ®fe H) = so [H ®k /). 

Definition 1.11. Let s: H ^k A ^^ A®k H he & transposition, p: H ®k A ^ A 
a weak s-action, / : H 0^ H ^>- A & compatible with s normal cocycle satisfying 
the twisted module condition, and R a subalgebra of A. We say that a i? is stable 
under s and p if s{H 0^ R) C i?(g)fc H and p{H <S>k R) ^ R, and we say that / takes 
its values in R if f{H (g)fc H) C R. 

Let H he a bialgebra, A and algebra, s : H (E)^ A ^ A (E)k H a transposition, 
p: H (g)fe A ^ A a weak s-action and /: H ®k H ^^ A a compatible with s normal 
cocycle that satisfies the twisted module condition. Let x'- H ®k A -^ A^kH and 
F: H ®k H -^ A®k H he the maps defined by 

X:={p®kH)o{H®ks)o{A®kA) and 7=" :=(/«)fe/i)o(i/(g)fe c«)fe i/)o(A(8)fe A). 

In [G-G2, Section 9] it was proven that x is a twisting map and J^ is a normal 
cocycle that satisfies the twisted module condition. 

Let i? be a subalgebra of A. It is evident that if R is stable under s and p, then 
it is also stable under x, and that if / takes its values in i?, then F takes its values 
in R ®k H ■ 

Definition 1.12. The braided Hopf crossed product A^fH associated with (s, p, /) 
is the Brzczinski crossed product associated with x ^^d J-. 

Let H (S)c H he the coalgebra with underlying space H (8)^ H, comultiplication 
map Ah(»,h ■= {H <Sik cSik H) o {Ah (8>fe Ah) and counit eni^.H := ^h 'S)k sh- 
An important class of braided Hopf crossed products are those with H a braided 
Hopf algebra and whose cocycle f : H ^c H ^^ A \s convolution invertible. They 
are named cleft. In [G-G2, Section 10] it was proven that E is cleft if and only if 
the map "/: H ^ E, defined by 7(/i) = l^^/i, is convolution invertible. Moreover, 
in this case, 

7^1 = (/"^ «)fe H) o{S(^kH (8)fe S) o {H (g)fe c) o (c (^k H) o (A^ ®k H) o Ah- 

1.3. comodule algebras. 

Definition 1.13. Let s: H (E)k A ^ A(S)k H a transposition. Assume that A is a 
right iJ-comodule with coaction i^. We say that {A, s) is a right H-comodule algebra 
if and only if 

(1) {u®kH)os^ [A ®k c) o (s ®k H) o {H (g)fc I/), 

(2) {p.A (Xife Mh)° {Aigik s<^k H) o{v(it)k v) ^ lyo p.A, 

(3) i/(l) = l®fel. 

Let {A, s) and {A' , s') he i/-comodulc algebras. We say that a map f : A -^ A' 
is a niorphisni of H- comodule algebras from (yl, s) to [A' , s'), if it is a morphism of 
algebras, a morphism of i/-comodules and s' o (H (E)k /) — (/ ®fe H) o s. 

Example 1.14. If _E = A^fH is a braided Hopf crossed product, then the map 
s": H (i$ k E ^i- E(E)kH de&nedhy's := (A(8)fec)o(s(g)^,i/) is a transposition, and (£^,s), 
endowed with the comultiplication v. E ^ E (gjk H, defined by j^ := ^ (E)k Ah, is 
an i:f-braided comodule algebra. In particular (H, c) is an 7?-braided comodule 
algebra with comultiplication Ah- Moreover the map ^: H ^>- E is a morphisms 
of i/-comodulc algebras from (H,c) to (E,s). 

Remark 1.15. The maps J and s^^ will be represented by the same diagrams as 
the ones introduced in (1.5) for s and s^^, respectively. 
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1.4. Mixed complexes. In this subsection we recall briefly the notion of mixed 
complex. For more details about this concept we refer to [K] and [B]. 

A mixed complex {X,b,B) is a graded fc-vector space (X„)„>o, endowed with 
morphisms b: Xn — > ^n-i and B: X„ — ^ ^n+i, such that 

bob = 0, BoB = and Bob + boB = 0. 

A morphism of mixed complexes f : (A", 6, B) — > (Y, d, D) is a family of maps 
/: Xn — > Ym such that do f = fob and D o f = f o B. Let u be a degree 2 
variable. A mixed complex X = (A, fo, B) determines a double complex 



■ A3U-1 ^^^ AouO ^^^ Xiu ^ 



Xou^ 



BP(A') 



-^Ai« 



b 

Aow° 



6 
-1 



■XnU-l, 



where 6(xm*) := 6(x)u* and B{xu^) := _B(x)u*~^. By deleting the positively num- 
bered columns we obtain a subcomplcx Bl>i{X) of BP(A'). Let BN'(A') be the ker- 
nel of the canonical surjection from BN(A:') to (A, b). The quotient double complex 
BP(A')/BN'(A') is denoted by BC(A'). The homology groups HC*(A:'), HN,(A') 
and HP, (A:"), of the total complexes of BC(A:'), BN(A') and BP(A:') respectively, 
are called the cyclic, negative and periodic homology groups of X. The homology 
HH<,(A'), of {X, b), is called the Hochschild homology of X. Finally, it is clear that 
a morphism / : A" — > 3^ of mixed complexes induces a morphism from the double 
complex BP(A') to the double complex BP{y). 

Let C be a fc-algebra. If A' is a subalgebra of C we will say that C is a A'-algebra. 
Throughout the paper we will use the following notations: 

(1) We set C := C/K. Moreover, given c G C, we also denote by c the class of 
c in C. 

(2) We use the unadorned tensor symbol ® to denote the tensor product (E)k- 

(3) We write C®' := C • • • «) C (^-times). 

(4) Given cq, . . . , c^ G C and i < j, we write c^ :— Ci (E) ■ ■ • (i^ Cj . 

(5) Given a AT-bimodule M, we let M(g) denote the quotient M/[M, K], where 
[M, K] is the fc- vector subspace of M generated by all the commutators 
mX — Xm, with m £ M and A G AT. Moreover, for m G M, we let [m] 
denote the class of m in M®. 

By definition, the normalized mixed complex of the K-algebra C is the mixed com- 

plex {C ®C ®, b, B), where 6 is the canonical Hochschild boundary map and the 
Connes operator B is given by 



i?([co.]):^5:(-ir[l 



=0 



'Co,; 
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The cyclic, negative, periodic and Hochschild homology groups HC^ (C), HN^ (C), 
HPf (C) and HHf (C) of C are the respective homology groups of (C®Tf^ ®, h, B). 

1.5. The perturbation lemma. Next, we recall the perturbation lemma. We 
give the version introduced in [C]. 
A homotopy equivalence data 

(1.6) {Y,d)^^{X,d) , h:X,^X,+i, 

i 

consists of the following: 

(1) Chain complexes {Y,d), {X,d) and quasi-isomorphisms i, p between them, 

(2) A homotopy h from iop to id. 

A perturbation S of (1.6) is a map S: X^, -^ A"*_i such that {d + S)"^ = 0. We 
call it small if id —So h is invertible. In this case we write A = (id —So h)^^ oS and 
we consider 

(1.7) (Y.d^) ^— (X,d + 5) , h^:X,^X,+i, 

i^ 

with 

d :—d + poAoi, i -.— i + hoAoi, p -.— p + poAoh, h :=h + hoAoh. 

A deformation retract is a homotopy equivalence data such that p o z = id. A 
deformation retract is called special iihoi = 0,poh = and ho h — 0. 

In all the cases considered in this paper the map S o h is locally nilpotent, and 

so{id-soh)-^ = j:'^^„{soh)\ 

Theorem 1.16 ([C]). If S is a small perturbation of the homotopy equivalence 
data (1.6), then the perturbed data (1.7) is a homotopy equivalence data. Moreover, 
if (1.6) is a special deformation retract, then (1.7) is also. 

2. A RESOLUTION FOR A BrZEZINSKI'S CROSSED PRODUCT 

Let E :— Af^V be a Brzczihski's crossed product with associated twisting map 
X and cocycle T, and let ii' be a stable under x subalgebra of A. Let T be 
the family of all the epimorphisms of _E-bimodules which split as {E, ii')-bimodule 
maps. In this section we construct a T-projective resolution (X, ,(i*), of E as an 
i?-bimodule, simpler than the normalized bar resolution of E. Moreover we will 
compute comparison maps between both resolutions. Recall that for all X-algebra 
C we let C and (8) denote C/K and iS^k, respectively. We also will use the following 
notations: 



(1) Given xq, . . . ,Xr <E E and i < j, we write Xij to mean Xi <Sia • • • ®A Xj, both 
in ^®r'+' and in {E/A)'^a'^^\ 

(2) We let iA- A ^i- E and i^: A ^i- E denote the maps defined by iA{a) := affl 
and i-j{a) := a#l, respectively. 

(3) We set V :— V/k. Moreover, given w e F, we also denote by v the class of 
V in V . 

(4) We write V®'" ■.= V®k---®kV (Z-times). 

(5) Given va, ■ ■ ■ ,Vs ^V and i < j, we write v^ := Vi (E>k ■ ■ ■ ^k Vj- 
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(6) We will denote by 7 any of the maps 

V ^E , V ^E or V ^E/A. 

v\ ^ l#w v\ ^ l#w v\ s- l#w 

So, 7(w) stands for \^v E E or for its class in E or E/A. More generality, 
given a E A and w G V^ we will let a7(f ) denote a^v Cz E or its class in E 
or E/A. 

(7) We will denote by V, Vk and Va the image of -y in E, E and -E/A, respec- 
tively. 

(8) Given vi^ G y^fc , we write 7(vij) to mean 7(i'i) (E) ■ ■ ■ ^ 7(^i) both in E^ 
and m E 

(9) Given vij G y^fc, we write jAi'^ij) to mean 7(wi) (8^ • • • ^a i{vj) both in 
E^A and in {E/A)^a, 

Note that E/A ~ A (xj^, y. We will use the following evident identifications 

A'^" (»aE^A'^^ ®kV, E®A{E/A)®'Ac^E®kV®'' and E^-^ ~E®i «)fc V"®^"'- 

We consider A®" ®kV,E®kV * and E'^a (g)^, y»fc ' as E-bimodules via the actions 
obtained by translation of structure. For all r, s > 0, we let Yg and X^s denote 

E ®A {E/AY^'a ®a E and E ®a {E/A)®'^ ® A®" ® E, 
respectively. By the above discussion 

n ~ (E «)fe F®'" ) ®A E and X„ ~ {E ®k v'^'" ) ® A®'' (g) E. 
Consider the diagram of E-bimodules and E-bimodule maps 



-d2 



VI 



Yo -< X02 -^ X 



d" 



12 



-92 



Vl "11 

Yi -« Xqi -s Xii 



-9i 



1^0 



d'„ d" 



Yq -« Xqo -« -'f : 



10 



where (Y^,d^) is the normalized bar resolution of the A-algebra E, introduced in 
[G-S]; for each s > 0, the complex {X^,s,d'^g) is (— l)''-times the normalized bar 
resolution of the iiT- algebra A, tensored on the left over A with E ^a {E/AY^, 
and on the right over A with E; and for each s > 0, the map i/g is the canonical 
surjection. Each one of the rows of this diagram is contractible as a (E, if )-bimodule 
complex. A contracting homotopy 

"'Os • ^s -^ Xqs and <^r+l,s- ^rs -^ Xr+l,s, 

of the s-th row, is given by 

o-Ss {^Os ®A 7{v)) ■= xos ® 7(^') 
and 

cr°+i ,5 (xos® air (810^+17(1;)) := (-l)''+*+^xos(8)ai,r+i <El{v)- 
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Let u: Yq ^ E he the multiplication map. The com.plex of i?-bimodules 



is also contractiblc as a complex of {E, iir)-bimodulcs. A chain contracting homo- 
topy 

a^^: E^Yo and a;+\ : Y, -^ Y,+i (s > 0), 

is given by cr7_|_\(xo,s+i) := (-l)''xo,s+i ®A Ifi- 

For r > and 1 < / < s, wc define _E-bimodulc maps d^.^: Xrs -^ Xr+i-i^s-i 
recursively on / and r, by: 

'ct° o 9 o iy(z) if ^ = 1 and r = 0, 

-a°od^o(f{z) if/ = landr>0, 

E!=i c^° ° d^^^ ° d3 (z) if 1 < / and r = 0, 
Ej=l) c^" ° ^'"^ ° d^ (z) if 1 < / and r > 0, 
for z e £; ®A {E/A)®A (g, 'A®^ K. 
Theorem 2.1. There is a T -projective resolution of E 

(2.8) E ^ Aq ^^ X\ -s A2 -« A3 ^ A4 -s ■ • • I 

where jjl : Xqo -^ E is the multiplication map, 



d'(z) := 



n n — r 



^n := Xrs and dn ■■^^dl^ + ^^d[^_r. 

r+8=n /=1 r=l ;=0 

Proof. This follows immediately from [G-G3, Corollary A2]. D 

In order to carry out our computations we also need to give an explicit contract- 
ing homotopy of the resolution (2.8). For this we define maps 

^l,s-l ■ ^s -^ Xi^s-l and (^r+l+l,s-l ■ Xrs — > Xr+l + l,s-l 

recursively on I, by: 

;-i 
(jI.+i+i,s-i ■= -^'^"° d'-' OCT* (0 < / < s and r > -1). 

i=0 

Proposition 2.2. The family 

Wq: E ^ Xq, ct„+i : X„ -^ X„+i (n > 0), 

defined by Wq := CTqq o cTq and 

n+l n n—r 

CT„+i := - ^ Crl„-i+l ° cr,;_J:i o /^« + XI XI ^r+l+l.n-r-l (^ > Oj, 

i=0 r=0 ;=o 

is a contracting homotopy of (2.8). 

Proof. This is a direct consequence of [G-G3, Corollary A2]. D 

Notations 2.3. We will use the following notations: 

(1) For j,l > 1, we let x„ : V^i ®fc A^' -^ A^' 0^ y®'^ denote the map 
recursively defined by: 

All • A) 

Xi,+i :-(^®'(»fex)o(x„®fc^), 
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(2) Write X;, := E^a'^' eg) A®" ® E. We let u'^ : X[.^ -^ X[.,^_^ denote the map 
defined by 

Ui(xos ® air ® x) := xo,j-i ®a XiX^+i ^a ^i+i,s » ai^ (8) x 
for < 2 < s, and 

u^xo,s-i (8)A 7(^') "^ air (X" a;) := ^xo,s-i «) af; ^{v^'-^)x, 

I 

where X); a^; «)fe u^'^ := x(« ^fe air)- 

(3) Given a X-subalgebra R oi A and < u < r, we let X/^" denote the E- 
subbimodule of Xrs generated by all the simple tensors 1 CE5yi Xi^ $5 air <8) 1, 
with at least u of the aj 's in i?. 

Theorem 2.4. T/ie following assertions hold: 

(1) r/ie map d"'^ : Xrs ^ -'^r.s-i *s induced by the map X]i=o(^-'^)*"i- 

(2) Let R be a stable under x K-subalgebra of A. If J- takes its values in 
R (8ifc V, then 

d [Xrs) Q Xr+l-l,s-l 

for each I > 1. 



Proof Let z e E (g)A iE/A)'^^ i^ A ®K. The computation of d].^ can be obtained 
easily by induction on r, using that 

4s(z) =0-0,5-1 ° 5s oi^°(z) and dl^{2)^-(j°^^^_^odl_^^,odl^{2) iorr>l. 

Item (2) follows by induction on r and /, using the recursive definition of ^^.^(z). D 

Remark 2.5. By item (2) of the above theorem, if T takes its values in K ®k V, 
then (X*, d,) is the total complex of the double complex {X^,^,,d'^^,,dl^). 

2.1. Comparison with the normalized bar resolution. Let [E®E ^E,b'^) 

be the normalized bar resolution of the if-algebra E. As it is well known, the 
complex 

, / ,/ if 

E ^^^— E ® E ^^ E ®E ® E ^^ E ®^\ E^^ 

is contractible as a complex of (i?, ii')-bimodulcs, with contracting homotopy 

£,n. E ^ E®E, £,n+i- E(»E^" (»E^ Ei^E^" d) E (n > 0), 
given by ^,i(x) := (— l)"x ® 1. Let 

(j)^:{X^,d^)^{E®^'®EX) and iP^: {E ®E^' ® EX) ^ {X*,d^) 
be the morphisms of i<^-bimodule complexes, recursively defined by 
(/)o :=: id, -00 := id, 
(/)„+l (z ®l) := £,n+i o(f)„o dn+i (z (g) 1) 

and 

ipn+li^® 1) := CT„+io-i/;„o6jj_|_;^(x(8) 1). 

Proposition 2.6. ipocf) ^id and <potp is homotopically equivalent to the identity 
map. A homotopy cj*-|_i : (f>^ oip,, ^ id.^ is recursively defined by 

LUi:^0 and cj„+i(x) := ^„+i o ((/i„ o -(/;„- id -u;„ o fe^J(x), 
forxe E®Tf^ ®K. 
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Proof. The proof of [G-G3, Proposition 1.2.1] works in this context. D 

Remark 2.7. Since uj(E(g)E'^ (E)K) C E(E)E^ (g)K a.nd^ vanishes on EigjE^ (g)K, 
uj{x(g)l) = ^{4)oxp{x (g) 1) - (-l)"a;(x)). 

2.2. The filtrations of {E ^E^ (g) E, b'^) and (X», d,). Let 



0<s<i 



and let F'-{E®E ® E) be the i?-subbimodulc oi E®E ®E generated by the 
tensors 1 (g) xi„ ® 1 such that at least n — i of the Xj's belong to A. The normalized 
bar resolution [E ® E (S) E, b'^) and the resolution (X*, d*) are filtered by 

F"{E(®E^' ®e)c f^{e®e'^' (®E) c f^{e®e^' ®e)c... 

and 

F°{X,) C F\X,) C F2(X,) C F^{X,) C F''(X,) C ^^(X,) C . . . , 
respectively. 
Proposition 2.8. The maps <p, ip and uj preserve filtrations. 

Proof. For 4> this follows from Proposition A.5. Let Qj- := E(E)a {E/A)^a (gjA!^ ^K. 
We claim that 

a) ct(F*(X„)) C F*(X„+i) for aU < i < n, 

b) a(£; ®A (^M)®i (g) A®" ' (g A) C Oj,+i_, + F*-H^n+i) for aU < ^ < n, 

c) a(Xo„) C £; g,^ (S/A)®A+' i^ + F"(X„+i), 

d) V'(i^'(S®^®"«)S)n£;g)E®"g)X) C Q\_^ + F^-^{Xn) for ah < i < n. 

In fact a), b) and c) follow immediately from the definition of ct„+i. Suppose d) is 

valid for n. Let 

«"+! «"+! 

X :=xo,„+i (g 1 e F*(£;g)£; ®E)r\E®E ®K where < z < n + 1. 

Using a), b) and the inductive hypothesis, we get that for 1 < j < n, 

ct(i/'(xoj-1 (g XjXj + i (g Xj+2,n+l ® 1)) Q '^{Qn-i + F*"^(^«)) 

Since V'(x) = cto -0 o 6'(x), in order to prove d) for n + 1 we only must check that 

a(V'(xo,„+i)) C q;+i_^ + F^-i(X„+i). 
If x„+i £ j4, then using a), b) and the inductive hypothesis, we get 

ct(V'(xo,„+i)) = ct('(/'(xo„ (g l)x„+i) 

C g{E (g,A (E/A)^'^ g)^®""' (g>A + F'~\X„)) 

^ Qri+l-i + P^ (-'^ri+l), 

and if Xn+i ^ A, then xo.n+i £ F^^^{E ® E eg iJ), which together with a), c) 
and the inductive hypothesis, implies that 

a(V(xo,„+i)) C^(F*-i(X„)) COJ^+i_^ + F*-i(X„+i). 
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From d) it follows immediately that ip preserves filtrations. Next, we prove that uj 
also does it. This is trivial for wi, since uji = 0. Assume that a;„ does. Let 

x:=xo„®l eF\E(g,E'^" ® E)r\ E ®e'^^ ® K. 
By Remark 2.7, we know that 

a;(x) =^o(/)o-0(x) + (-1)"^ o u;(xo„). 
From d) and the fact that preserve filtrations, we get 

eo0o^(x) e io(l,{Ql_^ + F'-^{Xr,)) C i{F'-^{E<»E®^®E)) C F\E (i)E®^ 0) E) , 

since C(0(Qn-i)) — ^(-^ ® -^ ® ^) — 0- To finish the proof it remains to check 
that 

Coa;ofe'(x) 'ZF'{E^e'^" (g)E). 

Since, u}{E ® E ® K) ^Z E ® E ® K hy definition, we have 

^OWo6'(x) = (-l)"-le°^(xOn). 

Hence, if x„ G A, then 

^owo6'(x) = (-l)""^Cn+i(^n(xo.n-i ® l)a;„) 

C £,{F\E ® S^" (g) S) n £; (g) ;E®" (g) A) 
CF\E(^E^" ^E), 
and if x„ ^ A, then xo„ £ F^^^{E ® E ® E), and so 

eou;(xo„) C^(i^*-i(Scg);E®"(g£;)) Q F\E ®^^^' ® E) , 
as we want. D 

3. HOCHSCHILD HOMOLOGY OF A BRZEZINSKI'S CROSSED PRODUCT 

Let E :~ A^V be a Brzezinski's crossed product with associated twisting map x 
and cocycle 7^, and let iiT be a stable under x subalgebra of A. Recall that T is the 
family of all epimorphisms of i<^-bimodules which split as (E, iir)-bimodule maps. 
Since (X,, d,) is a T-projective resolution of E, the Hochschild homology of the K- 
algebra E with coefficients in an i^^-bimodule M is the homology oi M^E' (^*, <i*). 
For r, s > 0, write 

Xrs{M) := M (S)A [E/A)®'^ ® A®" (g . 
It is easy to check that Xrs{M) ~ M ®e' Xrs via 

Xrs (M) ^ M g)£e Xrs 

[m <^A xis g) air] I ^ m ®e' (1 ®A xis g) air ® 1) 

Let Srs'. Xrs{M) -^ Xr+i-i,s-iiM) be the map induced by icLm ^E^'dlg. Via the 
above identifications the complex M ®e<^ (X*,(i*) becomes (X*(M),(i*), where 



n n — r 



Xn{M):^ Xrs{M) and d« := JI ^o„ + ^III ^r, 

r+s— n l—l r—1 l—O 

Consequently, we have the following result: 

Theorem 3.1. The Hochschild homology H, {E,M), of the K -algebra E with co- 
efficients in M, is the homology of (X^{M),df). 

Remark 3.2. If i^ is a separable fc-algebra, then H^ {E,M) coincide with the ab- 
solute Hochschild homology ii^,{E, M), of E with coefficients in M. 
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Remark 3.3. li K = A, then {X^{M),Z) = (Xo,(Af ),djj. 

Remark 3.4. In order to abbreviate notations we will write Xrs and X„ instead of 
Xrs{E) and Xn{E), respectively. 

For r, s > 0, let 

Xrs{M) ■- M (Sa E^^ (g) a®'' (g) . 
Similarly as for Xrs{M) we have canonical identifications 

For < i < s, let 

u,: Xrs{M) ^ Xr,sMM) 

be the map induced by u[. It is easy to see that 

Uf){[m ®A^is ® air]) ~ [mxi ®a^2s ® air], 

Mi([m ®A xis ® air]) — [m, ®a xi,j-i ®a XiXi+i (g)^ Xi+i_s (g ai^] for < i < s 

and 

Us{[m(g)A^i^s~i ®Al{v) •S>a.ir]) = ^[7(w^'^)m(8)AXi_s_i (ga^"], 

where J2i ^ir ®fc «^'^ -^ x(« ®*: ^ir)- 

Notations 3.5. We will use the following notations: 

(1) We let Wn C W^ denote the fc- vector subspace oi M ® E (E) generated 
by the classes in M (E) E g) of the simple tensors m g) xi„ such that 

#({j ■.Xj(^AUVk})=0 and #{{j : x, (^AUVk}) < I, 
respectively. 

(2) Given a iiT-subalgebra R of A, we let C„ denote the A:-vector subspace of 

M E)E (g) generated by the classes va. M ®E (g of all the simple tensors 
m ® xi„ with some xi in R. 

(3) Given a iiT-subalgebra R oi A and < u < r, we let X/^"(M) denote the 
fc- vector subspace of Xrs{M) generated by the classes in Xrs{M) of all the 
simple tensors m ®a Xis ® ai^, with at least u of the a^-'s in R. Moreover, 

we set X«"(^) := ®r+s=nX?^{M)- 

(4) For j,/ > 1, we let 

denote the map induced by the map Xi introduced in Notations 2.3. 

(5) We let 

Sh,, : V®'- g)fc A®" ^ E^^^' 
denote the map recursively define by: 

- Sh,o:=7®°, 

- Shor := i^ , 

- If r, s > 1, then 

r _j 

where X-^^ '■— idy. 
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Theorem 3.6. The following assertions hold: 

(1) The niorphisni d : Xrs{M) — > Xr-i,s(M) is {—lY -times the boundary map 
of the normalized chain Hochschild complex of the K -algebra A with coeffi- 
cients in M iSiA {E/A)^J^, considered as an A-bimodule via the left and right 
canonical actions. 

(2) The morphism d^ : Xrs{M) — > Xr.s-i{M) is induced by X]i=o(~-'-)*^«- 

(3) Let R be a stable under x K-subalgebra of A. If J- takes its values in R(^kV, 
then 

d'{XrAM))cxX-_i^_^{M) 

for each I > 1. 

Proof. Item (1) follows easily from the definition of d", and Items (2) and (3), from 
Theorem 2.4. D 

Now it is convenient to note that A^ A (g) M is an ii^-bimodule via 

aj{v) ■ (aor ® m) ■ a'j{v') :— ^J ^^Or "^ j{v'^''^)ma'j{v'), 

I 

where J2i ^or ®k w^'^ := x(« ®k nor)- 

Remark 3.7. Note that 

H,(X,,(M), d^,) = Hf (A M 0A (i^M)^-^) 

and 

Ils{Xr*{M),dl.^) ^Rf{E,A(g)A®^ (S)M). 

Remark 3.8. By item (3) of the above theorem, if J' takes its values in K 0^ V, 
then (X,(M),d,) is the total complex of the double complex (X,,(M), d^^, d];^). 

3.1. Comparison maps. Let (M(g)£^ 0, 6*) be the normalized Hochschild chain 
complex of the X-algebra E with coefficients in M. Recall that there is a canonical 
identification 

(M ;E®* (g) , 6,) 2± M ®Bc {E ® S®* ® E, b'^) . 
Let 

4>^: (X4M),d^) -^ {M ®E^' ®X) and V-* : (M ® E®'®, 6,) ^ (X,(M), d,) 
be the morphisms of complexes induced by (p and -0 respectively. By Proposition 2.6 
it is evident that ■(/; o = id and </> o -0 is homotopically equivalent to the identity 
map. An homotopy S*+i : 0* o ■i/)^ — 5- id* is the family of maps 

(Qn+i- M (^~E® ® — >M®~E® ®] 

\ / ri>0 

induced by (u;„+i :£; g) ^ ®E — > E ®E ®E)^^^. 

3.2. The filtrations of (M (g) ^® ®,K) and (X»(M),d*). Let 

F'{Xn{M)) := Xn-sAM). 

0<s<i 

The complex {X^,{M),d^,) is filtered by 

F°{X-,{M)) C F\X,{M)) C F^iX^M)) C F^{X,{M)) C F^{X,{M)) C . . . . 
Using this fact we obtain that there is a convergent spectral sequence 
(3.9) E^^ = Hf (A, M ^A (^M)®^) =^ a^+siE, M). 
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Let F^{M')f)E (g)) be the fc- vector subspace oi M^E (g) generated by the classes 
in M (g) i? of the simple tensors m (g) xi„ such that at least n — i of the x^'s 
belong to A. The normalized Hochschild complex (M ig E (g), 6*) is filtered by 

i^°(M®E®'®) C F^{M(^E^''®) CF2(M(g)E®*(g)) C .... 

The spectral sequence associated to this filtration is called the homological Hochs- 
child-Serre spectral sequence. 

Proposition 3.9. The maps (p, ip and u) preserve filtrations. 

Proof. This follows immediately from Proposition 2.8. D 

Corollary 3.10. The homological Hochs child- Serre spectral sequence is isomorphic 
to the spectral sequence (3.9). 

Proof. This follows immediately from Proposition 3.9 and the comments following 
Remark 3.8. D 

Proposition 3.11. Let R be a stable under x K-subalgebra of A. If T takes its 
values in R ®k V, then 

(j){[m ®A T4(vii) «) SLi^n-i]) = [m ® Sh(vH <E)k ai,„-i)] + [m (g) x], 

with [?Ti g) x] G _f ^1 (M (g E gi) n Wn n C„ . In particular (p preserve filtrations. 

Proof. This follows immediately from Proposition A. 5. D 

In the next proposition we use the following notations: 

Ri -.^ F' {M (giE'^" (g)) \ F'-^M (g)E'^" (g)) 
and 

i^^(X„(M)) :- F^iX^iM)) n X^\M). 

Proposition 3.12. Let R be a stable under x K-subalgebra of A such that T takes 
its values in R (g^ V . The following equalities hold: 

(1) tjj([mg)j{vu) g)aj+i,„]) =^ [mg)A7A(vH) g)aj+i,„]. 

(2) If X = [m (g) xi„] G i?i n Wn and there is 1 < j < i such that Xj G A, 
then V'(x) = 0. 

(3) //x= [TOg)7(vi,i_i) (gai7(wi) g)ai+i,„], then 

V'(x) = [to (g)A 7A(vi,i-i) (g)A aijAivi) g) EU+l.n] 

+ Yl bi^i^^)^ ®A 7A(vi,i-i) g) a^ g) a|^i „] , 

module F}f^{X.a{M)), where J^i a-+i^„ <gfe wf ^ := xi^i g)fc SLi+i^„). 

(4) Ifx— [to (g 7(vi^j_i) ® aj-f{vj) g) -f{-Vj+i^i) g) a.i+i^n] with j < i, then 

V'(x) = [to (g)A 7a(vij_i) (g)A ajjA{Vj) (g)A 7a(Vj + i,j) g) EU+l,n] , 

module F]^^{Xn{M))). 

(5) If X — [tti g) 7(vi^i_i) g) aij-_i g) ajj{vj) g) a^-^-i^n] wit/i j > i, then 

Tp{x) = ['y{vf')m g)A 7a(vi,i-i) «) a^j (g ajj^ „] , 
modw/e F]j"^(X„(M)), where J2i ^j+i,n "^k vf' := x(«j ®fe aj+i,„). 
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(6) IJ yi = [m ® xi„] G _Rj n W ^ and there exists 1 < ji < j2 < n such that 
Xj^ G A and Xj^ G Vk, then tp{x) G F'^'^{Xn{M)). 

Proof. This follows imniediately from Proposition A. 7. D 

Proposition 3.13. //x= [m ® xi„] G F*(M (g) S®"®) nW[,, i/ien 

cD(x) = [m®y] with [m (g) y] G F*(M (g)^® (g)nW„+i. 
Proof. This follows immediately from Proposition A. 9. D 

4. HOCHSCHILD COHOMOLOGY OF A BrZEZINSKI'S CROSSED PRODUCT 

Let M be an _E-bimodule. Since (X»,(i,) is a T-projective resolution of _E, the 
Hochschild cohomology of the iiT-algebra E with coefficients in M is the cohomology 
of the cochain complex Hom^e ((X*, d*), M) . 

For each s > 0, we let Hom^((_E/j4)®-4^ M) denote the abelian group of left A- 
linear maps from {E/A)'^a to M. Note that HomA((-E/A)®^, M) is an A-bimodule 
via 

aa((x.ia) :— Q:(xisa) and aai^is) :~ a(xis)a. 
For each r, s > 0, write 

X'^'iM) := Hom(^,K)((^M)®-^ (E>a'^\m) ^ RomK^{A'^\liomA{{E/A)^^ ,M)), 
It is easy to check that the fc-linear map 

C : Hom^e (Xrs, M) ^ X'-^(M), 
given by 

C(a)(xis ® air) := «(! 18)^ xi^ ® ai^ ® 1), 
is an isomorphism. For each I < s, let 

be the map induced by }IojnE'--{dlg,M). Via the above identifications the complex 

Hom£;e((X,,d,),M) 
becomes {X*{M),d*), where 



n n—r 



X"(M) :^ X-(M) and rf" := E ^" + E E <'"^'^- 

r+s— n l — l r—1 l—O 

Consequently, we have the following result: 

Theorem 4.1. The Hochschild cohomology H^(i<^, M), of the K-algebra E with 
coefficients in M, is the cohomology of {X*{M),d*). 

Remark 4.2. If iiT is a separable fc-algebra, then ^^{E, M) coincide with the ab- 
solute Hochschild cohomology 'H*{E, M), of E with coefficients in M. 

Remark 4.3. li K = A, then {X*{M),d*) = (X"*(M), d^*)- 

Remark 4.4. In order to abbreviate notations we will write X*"^ and X" instead of 
X'"''{E) and X"{E), respectively. 

For each s > 0, we let Hom^ (i?*^^ , M) denote the abelian group of left A-linear 
maps from E*^^ to M. Note that Rom.A{E®^ , M) is an A-bimodule via 

aalxis) :— a{x.isa) and aaixis) :— a(li.is)a. 

For r,s >0, let 

X'^'iM) :=Hom(^,^)(£;®^ (gA^^M) c^llomK'{A'^\iloinA{E'»^ ,M)). 
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Similarly as for X'^''(M), we have canonical identifications 

X"(M)-HomB=(x;,,M). 
For < z < s, let 

be the map induced by u[. It is easy to see that 

M°(a)(xis (g) air) = xia{lc2s «> ai^), 

u\a){xi,s+i ® air) ~ a(xi^i_i ®A XiXi+i ®a ^i+i,s ® ai^) for < i < s 

and 

u''(a)(xi,^_i (Sa liv) ® ai,.) = J2 "(^^i.s-i ® a.f^hiv'-^^), 

I 

where J2i ^ir ®k w*'^ := x(w ®k air)- 

Notations 4.5. We will use the following notations: 

(1) We let F'^{E ) denote the X-bimodule of E generated by the simple 
tensors xi„ such that at least n — z of the Xi^s belong to A. 

(2) We let W^ denote the X-subbimodule of E generated by the simple 
tensors xi„ such that #({j '■ Xj ^ AU Vk}) = 0. 

(3) Given a iiT-subalgebra R of A, we let C^"^ denote the iiT-subbimodule of 
E generated by all the simple tensors Xi„ with some Xi in R. 

(4) Given a X-subalgebra R oi A and < u < r, we let X^^{M) denote the 
fc- vector subspace of X^'^{M) consisting of all the {A, i4r)-linear maps 

a: {E/Af^(^A^^ -, M, 
that factorizc throughout the (A, i\r)-subbimodule 



,,■+„ 



oi{ElA)®A ^A generated by the simple tensors xi_s_„_i (8)ai_r+M, 

with at least u of the aj 's in R. 

Theorem 4.6. The following assertions hold: 

(1) The morphism do'- X^~^'''{M) -^ X^'^iM) is {—ly -times the coboundary 
map of the normalized cochain Hochschild complex of A with coefficients 
in Homyi((_B/^)®'*, M), considered as an A-bimodule as at the beginning of 
this section. 

(2) The morphism di : X'--'-'^{M) -^ X'-'iM) is induced by Ei=o(-l)'^^'- 

(3) Let R be a stable under x K-subalgebra of A. If F takes its values in R^kV, 
then 

d;(^''+'-^'^-'(M))cX],Vi(M), 
for all I > 1. 

Proof. Item (1) follows easily from the definition of d", and items (2) and (3), from 
Theorem 2.4. D 

For each r > 0, we let Hom^(A ® A , M) denote the abelian group of right 

iiT-linear maps from A to M. Note that lloinK{A (g) A , M) is an i<^-bimodule 
via 

{a-f{v) ■ a ■ a'-f{v')) (aor) := ^ j{v'-'''^)a{aa-f^l)a'-f{v'), 
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where J2i 41 ®fe ^*'^ -^ x{v ®k aor)- 
Remark 4.7. Note that 

H'-(X*^(M),d**) - H^(AHom^((i?M)®^,M) 

and 

Remark 4.8. By item (3) of the above theorem, if J' takes its values in K (g)/j V, 
then (X*(M),d*) is the total complex of the double complex {X**{M),d^*,dl*). 

4.1. Comparison maps. Let (Homi<-e(i5 , M), &*) be the normalized Hochschild 
cochain complex of the if-algebra E with coefficients in M. Recall that there is a 
canonical identification 



Let 



and 



(HomK=(£; ,M),6*) ciHom£;c((^®£;^ ®EX).M). 
4>*: {RomK^E®' ,M),b*) -^{X*{M),d*) 



iP*: {X*{M),d*) -^ (HomKe(£; ,M),&*) 

be the morphisms of complexes induced by (p and -0 respectively. By Proposition 2.6 
it is evident that o ?/; — id and -0 o is homotopically equivalent to the identity 
map. An homotopy cD*+^ : ijj* o (f)* -^ id* is the family of maps 

j"+i : Hom^e (E®"^' , M) —, Hom^^ {E®" , M)^ 



n>0 

1+1 



induced by (u;„+i :£;«) £; ig) E — >E®E ® E) ^^^^. 

4.2. The filtrations of {YioxxvK-(E®' , M),b*) and (X*(M),d*). Let 

F,(X"(Af)) :=0X"-'^'''(M). 

s>'i 

The complex {X*{M),d*) is filtered by 

Fo(X*(M)) D i^i(X*(M)) D F2{X*{M)) D F3{X*{M)) D F4(X*(M)) D . . . . 
Using this fact wc obtain that there is a convergent spectral sequence 

(4.10) Er ^ii'j,{A,RomA{{E/A)^^,M)) ^R^+^E^M). 

Let Fi(l{oBiK''{E ,M)) be the fc-submodule of Hom/i-e(_B , A'/) consisting of 
all the maps a G RomK'iE ,M), such that a[F'^{E )) = 0. The normalized 
Hochschild complex (iiomK''(E ,M),b*) is filtered by 

(4.11) Fo (Homife (E^' , M)) D i^i (Hom^e [E®' , M)) D .... 

The spectral sequence associated to this filtration is called the cohomological Hochs- 
child-Scrre spectral sequence. 

Proposition 4.9. The maps <p, ijj and u) preserve filtrations. 

Proof. This follows immediately from Proposition 2.8. D 

Corollary 4.10. The cohomological Hochs child- Serre spectral sequence is isomor- 
phic to the spectral sequence (4.10). 



20 G. CARBONI, J. A. GUCCIONE, J. J. GUCCIONE, AND C. VALQUI 

Proof. This follows immediately from Proposition 4.9 and the comments following 
Remark 4.8. D 

Corollary 4.11. When M — E the spectral sequence (4.10) is multiplicative. 

Proof. This follows from the previous corollary and the fact that the filtration 4.11 
satisfies Fm '—^ F„ ^ Fm+m where 

(/3 — /3')(xi_„+„) := ^(xi„)/3'(x„+i,„+„), 

for /3 e YiornK'iE®'" ,E) and /3' G YIotclk-(E®^ ,E), U 

Proposition 4.12. Let R be a stable under x K-subalgehra of A. Assume that J- 
takes its values in R®k V. Then, for each (3 G Homife(ii^ ,M), we have 

0(/3)(7a(vh) (g) ai^„_,) = ;3(Sh(vH ®fe ai,„_,)) + /3(x), 

with X e F^'^(E^") nw^n c^\ 

Proof This follows immediately from Proposition A. 5. D 

In the next proposition i?J denotes F*(i? ) \ F^^^^E ). 
Proposition 4.13. For o^/ a E X"^*'*(M), the following equalities hold: 

(1) V'lo:) (7(vii) ® aii+i,n) = a(T4(vii) ® ai+i,„) . 

(2) If yiin G i?[ n VF^ and there is j < i such that Xj G A, then ^(a)(xi„) — 0. 

Proof This follows immediately from items (1) and (2) of Proposition A. 7. D 

5. The cup and cap products for Brzezinski's crossed products 

The aim of this section is to compute the cup product of HHjf (ii^) in terms of 
{X*,d*) and the cap product of li^{E,M) in terms of {X*,d*) and {X^{M),Z). 
First of all recall that by definition 

- the cup product of lUi'^{E) is given in terms of (Homi^e (^E , ii^), &*), by 

{13 — I3'){xi^rn+n) ■= ^(xi„i)/3'(Xm+l,m+n), 

for P G Rouik^e'^"^ , E) and /3' G HomK=(E® ",£;), 

- the cap product 

R^iE, M) X \m^{E) ^ R^_^{E, M) (m < n), 
is defined in terms of (M ® E (g), 6») and (Homx-s [E ,E), b*) , by 



TO ® Xi„ '^ ^ := m^(xi„) <g) Xm+l,n, 

where /3 G Homi^e (E , E). When m > n we set m(Si xi„ ^ /3 := 0. 
Definition 5.1. For a G X''" and a' G X'"'"'' we define a • a' E X''+'''^^+^' by 

i 

' and J2i air ®fc v^*|^^^„ := x(vs+i,s" ® ai^). 
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Theorem 5.2. Let a G X*"", a' G X'' * and n := r + r' + s + s' . Let R be a stable 
under x K-subalgebra of A. If J- takes its values in R ®fe V , then 

(f>yip{a) -— - V'(a')) — ct • a' module ^ft X^T^^^, 

i>s-\-s' 

where X^T^V* denotes the k-vector subspace o/X"^*'* consisting of all the {A,K)- 
linear maps 

a: (£;/yl)®i(g)3®""' ^ E, 
that factorize throughout A® (W^nC^"^) , where W^ and C:^'^ are as in Notation 4-5. 

Proof Let r" , s" G IN such that r" + s" = n, and let jAi^is") ^ ai^" G Xr"s"- Set 
T := Sh(vis" (Sik air")- By Proposition 4.12, 

0(^(a) --^(a'))(7A(vi,")«)ai,») = (^(a) -^ ^(a')) (T + x), 
with X G F^"-i(E®") n VK^ n C^^ Since, by Theorem 4.13, 

- lis" <s + s', then (V^(q:) -- "(ACa')) W == 0, 

- if s" ^ s + s', then(^(a) -- il^{a')){T) = 0, 

- ii s" — s + s' , then 

i 

where X^i a^r "^fc ^s+i,s" -"^ x(vs+i,s" «) ai^), 
the result follows. D 

Corollary 5.3. If J' takes its values in K ®k V, then the cup product o/HH^(_B) 
is induced by the operation • in {X*,d*). 

Proof. It follows from Theorem 5.2, since X^'^h^ ~ for all z. D 

Definition 5.4. Let [m (S)a 7a(vis) <Ei ai^] G Xrs{M) and a G X'' * . If r' < r and 
s' < s, then we define [m (E)a 7a(vis) ® ai^] • a G Xr-r',s-s'(Af) by 

i 

where 

s" ;= s - s' and ^ a^*;, ®k ^s'+i.s •== x(vs'+i,s ® ai,./). 

Otherwise [m i^^a 7/i(vis) ai^] • a := 0. 

Theorem 5.5. Let [m®A7yi(vis) ®air] G Xrs{M), a G X*" " and n :~ r+s-r'-s'. 
Let R be a stable under x K-subalgebra of A. If J- takes its values in -RCS)fc V, then 

i){(f){[m 'S>A 7a(vis) air]) ^ V'Ca)) = [m 0^ 7a(vis) ai^] • a 
module 

(X^^,,,(M) + Ma(X«,S) C^A [E/Arr' ^A^^' 

where Xj}l, denotes the k-vector subspace of (E/A)^^ (E) A generated by all the 
simple tensors m (^a ^is' ® ^ir' , with at least 1 of the Oj 's in R. 
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Proof. By Proposition 3.11, 

${(i){[m (S)A 1a{-vis) (Si Siir]) ^-^ia)) =-0(([m®T] + [to ® xi^^+s]) -^-tpia)), 
where 

T:=Sh{visiS)kair) and [m (g,Xi^r+s] & F''^^{M i^E^ «>) PiWr+sPiCf^^. 
Moreover, by Proposition 4.13, we know that 

- If s' > s or r' > r, then [m(E)T] ^ tpia) — 0. 

- If s' < s and r' < r, then 

[to(8)T] -V^(a) = ^(-l)'^''''m®a(vis.®a^'^l) ® Sh(v^'^_^i^^®fca,./+i^^), 

where J^t ^il ®k '^s'^+i.s -^ x(vs'+i,s ®k air')- 

- If s' > s, then [?7i ® xi,j.+s] ^ i^ict) = 0. 

- If s' < s, then 

[m(g)xi,r+,] -^(a) eF''-"'-i(Mcx)^®"cg))nW„n(cf + G„), 

where G„ := M^(a)(C,^+,,) ®;B®". 

Now, in order to finish the proof it suffices to apply items (1) and (2) of Proposi- 
tion 3.12. D 

Corollary 5.6. // J-" takes its values in K (8)fe V , then in terms of the complexes 
(X*(M),d,) and {X*,d*), the eap product 

li^{E,M) X RR^iE) ^ Rt^{E,M), 

is induced by •. 

Proof. It follows immediately from the previous theorem. D 

6. Cyclic homology of a Brzezinski's crossed product 

The aim of this section is to construct a mixed complex giving the cyclic homol- 
ogy of E, whose underlying Hochschild complex is (X,, d,). 

(^ * 5^ * + 1 

Lemma 6.1. Let B^: E ® E ® -^ E ® E ® be the Cannes operator. The 
composition B ouj o B o(f) is the zero map. 

Proof. Let x := [xg ®a 7A(vii) ® ai,„_i] G Xn-i^i. By Proposition 3.11, we know 
that 

0(x) eF'{E®^'^"®)r\Wn- 

Hence 

B o 0(x) e{K® E®"^' ®) n F'+^ (E (g) e'^"^'®) n W^+i , 

and so, by Proposition 3.13 

ujoBo 4,{x) e (K® e'^"^'®) n F*+i {E ® E®"^' ®) n W„+2 C ker s, 
as desired. D 

For each n > 0, let Z)„ : Xn -^ -^^n+i be the map D :— -ipo B ocf). 
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Theorem 6.2. (X*,rf*,_D,) is a mixed complex that gives the Hochschild, cyclic, 
negative and periodic homologies of the K -algebra E. Moreover we have chain 
complexes maps 

$ 

Tot(BPfX..d:.i3j) '■ r Tot(BP(£;«)E® ®,6*,B,)) , 

$ 

given by 
$„(xu*) := ^(x)m' +a;o_Bo(^(x)u*"^ and $„(xu*) := ^ 1/^0 (B ou;)^(x)u*"^. 

These maps satisfy ^ o $ = id and <^o^i is homotopically equivalent to the identity 
map. A homotopy O^+i : <&* o ^^ — > id* is given by 

r2„+i(xu*) :== y^ g) o ( J3 o ujy (x)m"~-^ . 

3>Q 

Proof. This result generalizes [C-G-G, Theorem 2.4], and the proof given in that 
paper works in our setting. D 

Remark 6.3. If iiT is a separable fc-algebra, then (X*,(i,,_D,) is a mixed complex 
that gives the Hochschild, cyclic, negative and periodic absolute homologies of E. 

In the next proposition we use the notation i^^(X„) := F^{Xn) nX^^{E) intro- 
duced above Proposition 3.12. 

Proposition 6.4. Let R be a stable under x K-subalgebra of A such that J- takes 
its values in R®k V. The Cannes operator D satisfies: 

(1) //x= [ao7A(voj) ® ai,„_i], then 

i 

module F}^{Xn+i), where Y,i ^nL-i '^k ^j+is :=x(vj+i,i 'S)k ai,n-i)- 

(2) //x = [ao (S)A 7a(vh) ® ai^n~i], then 

n—i 
j=0 I 

module F}j^^{Xn+i), where J2i ^ij ^k v"/ := xi^u '^k ay). 
Proof. (1) We must compute D(x) = ip o B o (f)[x.) . By Proposition 3.11, 

D{x) = -0 o B([ao7(wo) ® Sh(vH «ik ai,„-i)]) + tp o B{[ao-f{vn) ® x]) , 
where [ao-f{vo) <^x] e F^-'^{E<^e'^ <S>) nT^„ ncf . Now 

- i?([ao7(t'o)<8iSh(vii(8)feai^„_i)]) is a sum of classes in i<^(8)i? (gjofsimple 
tensors 1 (8) yi.n+i, with n — i of the i/j's in i^(v4), i of the j/j's in Vk and 
one jjj ^ 2]4(^) U Vk- 

- B([ao7(wo) ® x]) is a sum of classes vn E ® E ® oi simple tensors 
1 (g) Zi^n+i, with at least n — i + 1 of the z^-'s in i-^{A) and exactly one Zj in 

E\fe(A)UVK). 
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The result follows now easily from the definition of Sh and items (3)-(6) of Propo- 
sition 3.12. 
(2) As in the proof of item (1) we have 

D(x) =^oB([ao«)Sh(vH®feai,„_i)]) + 7/^oB([ao ® x]), 
where [ao x] e F'-^ {E » S®" (g)) n T^„ n cf . Now 

- i?([ao (8) Sh(vii (g)fc ai^„_j)]) is a sum of classes in E (^ E (g) of simple 
tensors 1 ® yi,n+i, with n — i + 1 of the j/j's in i-^{A) and i of the j/j's in Vk- 

- i?([ao g) x]) is a sum of classes in _E® i? eg) of simple tensors 1 (X)zi.„+i, 
with each Zj in i-j{A) U Vk and at least n — i + 2 of the Zj's in i-j{A). 

The result follows now easily from the definition of Sh and items (1) and (2) of 
Proposition 3.12. D 

Corollary 6.5. If K = A, then (X*,d,,I)*) = (Xq*, dj^, -Do*), where 

n 

Son([a7A(vo„)]) =Y^(-lT^^''[l ®AlA{^j + l,n) ®Aa-lA{^0j)\- 
3=0 

6.1. The spectral sequences. The first of the following spectral sequences gen- 
eralizes those obtained in [C-G-G, Section 3.1] and [Z-H, Theorem 4.7], while the 
third one generalizes those obtained in [A-K], [K-R] and [C-G-G, Section 3.2]. Let 

"rs • ^rs ^ -'^r-l.s and fl^g : Xrs ^ X^-^s-l 

be as at the beginning of Section 3 and let 
be the map defined by 

s 

5°([aoT4(vo.) ® ai,]) = J] 5](-l)^+-''^ [l ^A T4(vj'ji, J ®A aoT4(vo,) ® a^t^] , 

j=0 I 

where Y,i aJr ®fe "^j+i,s = x(vj+i,s ®k air)- 

6.1.1. The first spectral sequence. Recall from Remark 3.7 that 

Ilr{X^s,d^,s) =iir {AE C^A (E/A)®^). 

Let 

drs-. li^{A,E®A {E/A)"^^)^ R^{A,E®A iE/A)'^^-') 
and 

Drs-. li^{A,E<E)A (E/A)^^)^ li^{A,E(S)A (E/A)^^^''") 
be the maps induced by d and D''\ respectively. 
Proposition 6.6. For each r > 0, 

U^{A,E(^A (E/A)®'^):^ {^'^{A,E®a {E/A)®'^),l*,D. 
is a mixed complex and there is a convergent spectral sequence 

iKr^ •^st)v>Q =^ ^'^r+s{E)i 

such that £2^ = HG, fllf (A, E ®a {E/A)®'a)\ for all r, s > 0. 
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Proof. For each s,n > 0, let 

where F'^^'^^ {Xn-2j) is the fihration introduced in Section 3.2. Consider the spec- 
tral sequence (eJ^, dl!l.)y>o, associated with the filtration 

r"(Tot(BC(X,,cl,z5,))) Cf^Tot(BC{X^,d^,D,))) C--- 

of Tot(BC(X*, d,, £*,)) . A straightforward computation shows that 



d" ■ e" 

"'sr ■ sr 



-"s.r—l 



e 



j>0 "r,s-2j ' 



M77>0 Wr (A»^5_2j J ",, 



MJ 






7j>0 -i-ir\^^>-*,s-^j, "'*,s-2j 



®7>0 ^r 






,J-1 



From this it follows easily that H^ {A^E ®a {E/A)®^^ is a mixed complex and 
^l = HC, (Hf (A, E ®A (E/A)®'^] 



In order to finish the proof note that the filtration of Tot(BC(X,,(i*, D,)) intro- 
duced above is canonically bounded, and so, by Theorem 6.2, the spectral sequence 
(eJ^, i(sr)v>o converges to the cyclic homology of the iiT-algebra E. D 

6.1.2. The second spectral sequence. For each s > 0, we consider the double complex 



X.sU^^ ^^— ^3 ._iul ^^— X.s^2U^ ^^— X3 ._3u3 



X2sU^' ^^— X2,s-lU^ -^-^ ^2,^-2^2 



I 

where the module Xqsu'^ is placed in the intersection of the 0-th column and the 
0-th row. 

Proposition 6.7. There is a convergent spectral sequence 

such that E]^. ^ H,.(Tot(Ss)) for allr,s>0. 
Proof. For each s,n > 0, let 

F' {Tot{BC{X, d,D)n)) := 0F^-^(X„_2,K, 

3>0 
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where F"^^^ {Xn-2j) is the fihration introduced in Section 3.2. Consider the spectral 
sequence (_EJ^, 9J^)i,>o, associated with the filtration 

F" {TotiBC{X^, d,,D,))) CF^{Tot{BC{X,,t,D^))) C ••■ 

of Tot(BC(X*,d,,I),)). By definition 

E"^^ = XrsU^ © Xr-l.s-lU © Xr-2.^s-2u'^ ® Xr-S.s-SU^ ® ' " ' 

and the boundary map d^,^ : E^,^ — > E^ j,_i is induced by d + Z?. Consequently, by 
Theorem 3.6 and item (1) of Proposition 6.4, 

{El,dl)^Tot{E,) foralls>0, 

and so El^ ~ Hr(Tot(Ss)) as desired. Finally, it is clear that (-EJ^, 9J^)t,>o converges 

to HC^,(£;). n 

6.1.3. The third spectral sequence. Assume that T takes its values in K(^ky- Recall 
from Remark 3.7 that 

ils{X„,dl.,) =lif{E,A(g)A'^^ (g)E). 
Let 

drs-. Rf{E,A^A®^ (x)E)~^uf{E,A(x)A^^'\E)) 
and 

brs ■■ af {E, A ® 3®" £;) — ^ H^ {E, A ® l®"""' ® E) ) 
be the maps induced by d and D^ ^ respectively. 
Proposition 6.8. For each s > 0, 

n^{E,A®^' ®E):^ {y{^{E,A®^' t^E)J,s,D 
is a mixed complex and there is a convergent spectral sequence 

such thatel^ =}iCr(iif{E,A(SA'^' (g, E)] forallr,s>0. 
Proof. For each r, n > 0, let 

r {Tot{BC(X, d,D)n)) := 0r"^(^„-2j>-'', 

where 

S^^HXn-23) ■— Xi^n-i-2j- 

Consider the spectral sequence (2;^!^,, c)J!j,)t,>o, associated with the filtration 

;?0(Tot(BC(X,,d,,i5,))) CS^i(Tot(BC(X,,d,,5*))) C ••■ 
of Tot(BC(X*, d*, -D*)) . A straightforward computation shows that 



jU^, 



^rs = ^j>0 '^s{Xr-j.*-j,d,^_j^^_^JU , 
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From this it follows easily that H^ (^E, A(gi A (g) S) is a mixed complex and 

(Bl, = HC^ (h^ {E,A(g)A'^'(E) E 

In order to finish the proof note that the filtration of Tot(BC(X,, d*, D*)) intro- 
duced above is canonically bounded, and so, by Theorem 6.2, the spectral sequence 
(€^r,^sr)«>o converges to the cyclic homology of the ii'-algebra E. D 

6.1.4. The fourth spectral sequence. Assume that T takes its values in K ®k V. 
Then the mixed complex (X*, d^,, D^,^ is filtrated by 

(6.12) J^{X^,Z,D,) CT^X,,d,,D,) (^F^{X^X,D^) C ••■ , 

where 

i<r 

Hence, for each r > 1, we can consider the quotient mixed complex 

It is easy to check that the Hochschild boundary map of X*" is d].^ : Xr* — !> Xr,*-i 
and that, by item (1) of Proposition 6.4, its Connes operator is D^^ : Xrs -^ Xr.s+i- 



Proposition 6.9. There is a convergent spectral sequence 



{^rsjKs)v>0 =^ HCj,_,_g (i<^) , 



such that £lg ~ HCs(X'") for all r,s > 0. 

Proof. Let {£^g,6^g)v>o be the spectral sequence associated with the filtration 

J'"(Tot(BC(X,,d,,i5,))) C J-i(Tot(BC(X,,5,,i5,))) C--- , 
of Tot(BC(X*, d,, D,), induced by (6.12). It is evident that 



.F'-(Tot(BC(X,d,5))„) = 0^-(X„_2,)^ 



Hence, 



S"^ = XrsU° e Xr^s-2U © Xr,s-4u'^ © Xr,s-6U^ © • ' • 

and 6^.g : £"^ -^ £^_g_i is the map induced by d + D. Consequently, 

(f°„<5°J = Tot(BC(X'-)), 

and so S^^ = HCs(X'') as desired. Finally, it is clear that (f "g, S^g)v>n converges to 

HCf+,(ii;). D 

7. Hochschild homology of a cleft braided Hope crossed product 

Let E := AjffH be the braided Hopf crossed product associated with a triple 
(s, p, /), consisting of a transposition s: H ®k A — > A®k H , a weak s-action p oi H 
on j4, and a compatible with s normal cocycle f : H ®k H ^ A, that satisfies the 
twisted module condition. Let ii' be a subalgebra of A stable under s and p, and 
let M be an i<^-bimodule. In this section we show that if iJ is a Hopf algebra and 
E is cleft, then the complex (X,(M),d,) of Section 3 is isomorphic to a simpler 
complex (X*(M),(i*). In the sequel we will use the following notations: 



28 G. CARBONI, J. A. GUCCIONE, J. J. GUCCIONE, AND C. VALQUI 

(1) For s > 1, we let pc^ : H^'= — > iJ®* denote the map recursively defined by 

pci :== id, 

pc, := {H ®fe pc^_i ®kH) o {H (g)fe c®r' (g,^ h). 

(2) For s > 1 we let H^'= denote the coalgebra with underlying space H'^'', 
comultiplication A^gg :— pCj,oA'*'= and counit e^gg := £'®'=. Note that 

A*®*! induces a fc-linear map from H '° to H '' ®k H '° , that we will also 
denote with the symbol A^gg . A similar remark is valid for the maps Sgr , 
gc^ and Csr introduced below. 

(3) Let 's: H (S)k E ^i- E ®k H he as in Example 1.14. For each s > 1, we let 
ps^ '■ (E ^k H)'^k -^ E®'>= ®k H'^k denote the map recursively defined by 

psi := id, 

ps^ := {E ®fc ps^_i ®kH) o [E (8)fc s®^~' (g)fc H). 

(4) For s,r > 1, we let s^^ : H'^"" <S>k ^®" ^ ^®" ®fc H^"" denote the map 
recursively defined by: 

Sii := s, 

si,^+i := (A®" ®fc s) o (si^ ®fc A) , 

(5) For s > 2, we let gc^ : iJ®fc -^ iJ®fc denote the map recursively defined by: 

gC2 — c, 

gc,+i := (i7(8)fcgc,)oc^i, 

where c^^ : ff®* ^fc H'^^ -^ fj'^^ ^^ ij®fc is the map obtained mimicking 
the definition of Sgr, but using c instead of s. 

(6) Let [M (g) 1"* , X]_y (g)fc i?®' be the fc- vector subspace of M (g) 3® (g^ T?*®" 
generated by the commutators 

Xm (g) air ®fe his — yj Jw ® air A^'-* ®fc h![*j with \ e K, 

i 

where 

^A«®fehg :-s(his®feA). 

i 

Given m e M, ai^ € A and his '^ H '°, we let [m(E)air]H ®k his denote 
the class of m (g ai^ gifc his in 

Remark 7.1. Note that: 

(1) The map pCg acts over each element {hi g)^ Zi) g)fc ■ • • g)fc {hg gifc Zs) of i/®'' , 
carrying the ^^'s to the right by means of reiterated applications of c. 

(2) The map ps^ acts over each element (ai#/ii(gfcZi)g)fe- • -gfA; (as#^s<8>fe^s) of 
{E(E)kH)'^>' , carrying the ^^'s to the right by means of reiterated applications 
of 's. 

(3) The map Ssr acts over each element his ®fe air of H^'' g)^ A^ , carrying 
the /li's to the right by means of reiterated applications of s. 
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(4) The map gc^ acts over each element his of H®'' , carrying the i-th factor 
to the s — z + 1-place by means of reiterated apphcations of c. 

Remark 7.2. For each s £ ISf, we consider E^i' as a 7J®<:-comodule via 

V :=ps,o(A(8)fe A)'^"^. 

Note that uo^j^k — (^®fc (g)^ H'^") o A^g? and that v induce a coaction 

(7.13) UA : -B^-^ -> S^-^ 0fe i/^s 
such that 

(7.14) iy^o7«^^ = (7®l®fe7J®^)oA^^, 

where 7®^ : H®'" — >• i?®^ is the map given by 7**^ (his) '■— 7a (his). We wiU also 
use the symbol ua to denote the map from {EIA)'^a to {ElA)'^^ (g)^, ij "^ induced 
by (7.13). We will use the property (7.14) freely in the sequel. 

Remark 7.3. The maps A^igg , Csr, c^^^, Ssr, s~^ and ua will be represented by the 
same diagrams as the ones introduced in (1.3) and (1.5) for A, c, c~^ s, s~^ and v. 

For each r, s > 0, we define the map 6rs '■ Xrs{M) -^ Xrs{M), by 

0([m®^ xis ® ai,]) := ^(-1)" [mx^") • • • x^ ® a^t.^]^ 0^ x^^^^, 

i 

where 

a;[°^ ®A • • • «)A 4°) (8)fc x^^^ (g)/c • • • ®fc x(i) := x^"^ ®fe x^^^^ == i^a(xis) 
and 



Exl°>.a««,xW«:=x(°>,s(xW 



3fe air) 



Proposition 7.4. T/ie map 0,.s is invertible. Rs inverse is the m,ap i!}rs, given by 
^(x) :- ^(-l)-m7-i(/.«(i)(-'")) • . • 7-i(/i«(^'(^')) ®^ 7A(hl!^('^) ® a(;\ 

w/iere 

X := [m(g)air]H ^ifehis, 

^ h^!.^ (8)fe a^*;' ■- s"^(air ^k his) 

i 

and 

Y: E hif '^^^'^ ®. h£(^) 0, a« := ^^(gCs «.H^^) o A^^ (h^) ^, a«. 

Proof. See Appendix B. D 

We will need the following generalization of the weak action p of H on A. 

Definition 7.5. For aU r e IN, we let pr: H (g) A'^'' — > A'^'' denote the map re- 
cursively defined by 

pi := p and p^+i = {pr ® pi) o {H ®kSir®A) o [IS.® A® ). 

For h <E H and oi, . . . , a^ G v4, we set h ■ ai^ := Pr{h <Sik air). 

Let drs : XrsiM) -^ Xr+i-i,s-i{M) be the map rf^s := ^r+(-i,s-i o dj,^ o i^rs- 
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Theorem 7.6. The Hochschild homology of the K-algebra E with coefficients in 
M is the homology of {X^,(M),d,:), where 

n n n—r 

Xn{M) := Xrs{M) and d„ :== ^4. + ^ ^ dt,«-r- 

r+s—n l — l r—1 l—O 

Moreover, 

d (x) = [mai ® a2r]H ®k his 



+ ^(-l)'[m (g) ai^i_i Cifli+i ai+i,r]H "^k i^is 

4=1 

+ ;^(-l)''[aWm ® ai,r-i]H <E>k hg 



and 



d (x) = (-1)'' [me{hi) (g) ai^] j^ ®fc h2s 

s-l 

+ ^(-1)''^* [m (E) SLir] jj ®k hi,i-i ®k hihi+i (E)k hj+2,s 

i=l 

where 

X := [to® air]_H- ®fc his, 

E h^'] ®fc 4^) := s-i(a^ «)fc hi,), 

E /i(i)(^-) ®fe h(f , ®, /if ^^ ^(hi,,_i ®, /iW) ®fe /if 
i 

and 

E /i(i)(^)W ®fc aS ®fe hl^Li 0fc /if := ^ ,-i(ai, 8, /ifDW)) 0, h'^Li 0^ h<;^K 

jl 3 

Proof. See Appendix B. D 

Remark 7.7. In order to abbreviate notations we will write X^s and X„ instead of 

Xrs(-E) and X„(_E), respectively. 

/^^ 

Notation 7.8. Given a iiT-subalgebra i? of A and < m < r, we let X^^ (M) 

denote the fc- vector subspace of X^s {M) generated by the classes in Xrs {M) of all 

the simple tensors to, (g) ai^ <S)k his, with at least u of the a^'s in R. Moreover, we 

setX^(M):=e,^,_Xfs"(M). 

Proposition 7.9. Let R be a stable under s and p subalgebra of A. If f takes its 
values in R, then 

d\Xrs{M)) Cxf^;_\s-iiM), 
for all I > 1. 

Proof. This is an immediate consequence of item (3) of Theorem 3.6. D 

Remark 7.10. By the previous proposition, we know that if / takes its values in K, 
then (X*(M),d,) is the total complex of the double complex (X,»(M), d^^, d^^). 
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7.1. The filtration of (X.(M),d*). Let F*(X„(M)) := 0^<^X„_,,^(M). The 
chain complex {X^,{M),d^) is filtered by 

(7.15) F^(X^{M)) C F^iX^M)) C F^(X^{M)) C F^(X^,{M)) C .... 

Remark 7.11. By Proposition 7.4 and the definition of (X*(M),(i,), the map 

given by 0„ = X]r+is=n ^rs, is an isomorphism of chain complexes. It is evident that 
0* preserve filtrations. Consequently, the spectral sequence introduced in (3.9) 
coincides with the spectral sequence associated with the filtration (7.15). Clearly 
the compositional inverse of 9^ is the map 

1?,: (X4M),d,-) -^ iX,XM),Z), 
defined by i?„ := 0r+^^„ i^rs- 

7.2. Comparison maps. Let 

0,: (X,{M),d,) -^ (M®^®'®,6,) and ^, : (M ® ;B®'(g), 6,) ^ (X,{M),d^) 

be the morphisms of chain complexes defined by (j)^, := </>* o'l?^, and i/"^ := 0* o V"*) 
respectively. By the comments in Subsection 3.1, we know that ip o (j) = id and 
(poip = (jx:>ip is homotopically equivalent to the identity. Moreover, by Proposition 3.9 
and Remark 7.11, the morphisms (f> and ip, and the homotopy cD^+i : (/), o^^ — > id*, 
preserve filtrations. 

8. HOCHSCHILD COHOMOLOGY OF A CLEFT BRAIDED HOPF CROSSED PRODUCT 

Let E := A^fH, K and M be as in Section 7. In this section we show that if 
E is cleft, then the complex (X*(M),d*) of Section 4 is isomorphic to a simpler 
complex {X*{M),d*). 

For each r, s > 0, we consider A (E)k H '' as a left iiT'^-module via 
(Ai (X)fc A2)(air (8)fe his) = ^ AiairA^'^ <g)k hiy , 

i 

where Y,t ^2 ^fe ^il •== s(his (S)k A2). Let 

For each r, s > 0, we define the map 9'"'' : X'''(M) ^ X''"(M), by 

0(/3)(xi, ® ai.) := 5:(-l)"4") . . . xW/?(a« 0, x^^), 

where 



xf^ (i)A---®A xf^ (g>k a;^^^ 0fe • • • 8)fe x^^) := x^°^ ®fe x^^^ := iva(xi,) 
and 



Exf>.a««,x««:.xl°)8,s(x« 



ilk air) 



Proposition 8.1. T/ie map 0'" is invertible. Its inverse is the map I?''" given by 
,?(a)(ai,0,hi,) = 5](-l)-7-'(/ii^)('^(^')---7-'(/^l^'^'^^''V(7A(hg('))®a«), 
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whe 



^ hiy (K)fe ai*; := s ^ (ai^ (g)fe hi^ 



and 



^ Y: hif ^)(^-) ®, hg(^) ®, a« := 5:(gc. ®.H«^) o A^«, (hg) 0, a« 



(*) 



Proof. For r, s > 0, consider X^s, Xrs{E (E)k E) and Xrs(-E ®a; i?) as in Sections 2, 
3 and 7, respectively. Notice that {X^,{E 0^ E),d^,) and (X*(i? ®i; E),d^,) are 
i?-bimodule complexes via 



Ai ([(ei «)fe 62) «) air]H «)fe his) A2 := [(eiA2 (8)fc Aie2) ® ai^]// (8)fe hi 



and 



Ai ([(ei (E)k 62) «)yi xis ® air]) A2 := [(ei A2 (E)k Aie2) ®a xi^ ®fe ai^]. 
Let Qrs '■ Xrs -^ Xrs{E ®k E) bc thc _E-biinodule isomorphisms defined by 

e(e2 ®A xis ® air ® ei) = [(ei «)fe 62) 0a xi^ ® ai^], 
and let w''* : Hom^e {^Xrs{E ®k E), M) — > X {M) be the isomorphism given by 

zu{a){air (X)fc his) := a{[{l (g)k 1) ai^]// (E)fe hi^) . 
It is easy to see that the diagrams 

(8.16) Hom^e {XrsiE ®fc E), M) ^ Hom^e {Xrs{E ®k E),M) 

HoniBc yQrsM) 

HomBe(Xr„M) 



X {M) 



X"(M) 



and 



Homfic {Xrs{E ®k E), M) ■ ^ Hom^e {Xrs{E ^k E), M) 

Hom£;e(Xr.,M) 

C" 

X-'^M) — ^x''\M), 

where 

- C"^ is the map introduced at the beginning of Section 4, 

- 9rs and drs are the morphisms introduced in Section 7, 

commute. Hence 0^^ is invertible an i?''" is its inverse. 

Let rfP : T^^^^-''\m) -^ X''\M) be thc map rf[' :== i?''^ o d^' o e»'-+'-i>«- 



n 
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Theorem 8.2. The Hochschild cohomology of the K-algebra E with coefficients in 
M is the cohomology of {X (M),d ), where 

n n n—r 

X (M):= X (M) and d ■.= Y.di +Y.Y.'^i ' 

r+s—n l — l r—1 /— 

Moreover, 

do(/3)(x) = ail3{a2r «)fc hi^) 

+ ^(-l)*/3(ai^j_i ® aiftj+i «) ai+i,r ^k his) 

and 

di(/3)(x) = (-l)'-e(/ii)/3(ai, ®fc h^s) 

+ ^{-lY^'(3{air (8)fc hi_i_i (8)fc /li/ii+i ®fc hi+2,s) 

i=l 

J' 
w/iere 

X := air ®fc his, 

i 

5]/iWW ®fc \^l, ®u hf^ := c,_ia(hi,,_i ®k h^P) ®k hf^ 



and 

^ /.(!)(■'■)(') ®fc a« ®, \^l_, ®, hf) := Y. ^"'K ®^ '^^'^''O ®'» h(^ti ®'» ^i'^- 

Proof. We will use the same notations as in the proof of Proposition 8.1. By that 
proposition and the definition of {X (M), d ), the map 

r : (X*{M)X) -^ {X*{M),d*), 

given by 0" = '^r+s=n ^'*' i^ ^^ isomorphism of complexes. Hence, by the discus- 
sion at the beginning of Section 4, the cohomology of {X {M),d ) is the Hochschild 
cohomology of the X-algebra E with coefBcients in M. In order to complete the 
proof we must compute rfo and di. Since, also 

Homge (6l,,M): liomE^{(X,{E (g)kE),d,), M) -^ }iomE^-{{X,(E (E)kE),Z), M), 

RomE4g*,M): UoniE^iX^E (x)kE),Z), M) — > Hom£;e((X,,(i,), M) 

and 

C*: RomE^iiX,.,d,.),M)^X*{M), 
where 

Qn :== Yl ^"■'^ ^"^^ ^" ■" Yl ^'^''' 

r-\-s—n r-\-s—n 
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are isomorphisms of complexes, form the commutativity of the diagram (8), it 
follows that 

where tu" :— J2r+s=n^^''' i^ ^1^°- Hence 

irQ{^){air ®fc hi,) = tI7-l(/3)(rf"^([(l (8)fc 1) (g) SLirU ®fc hi,)) 

and 

d["{P){air ®fe hi,) = m-^{^)(dlMl Ofc 1) (g) air]H «)fc hi,)). 
Now the desired result can be immediately obtained by using Theorem 7.6. D 

Notation 8.3. Given a i^-subalgebra i? of A and < m < r, we let X j^^{M) 
denote the fc- vector subspace of X (M ) consisting of all the if "^-linear maps 

that factorize throughout the iiT'^-subbimodule X^.^^ s-u-i oi A ®k H '' 

generated by the simple tensors ai^^+w ®k hi,s-tj-i, with at least u of the a^'s in 
R. 

Proposition 8.4. Let R be a stable under s and p subalgebra of A. If f takes its 
values in R, then 

di{T^'-'^'-\M)) ^Ti^{M), 

for all I > 1. 

Proof. This is an immediate consequence of item (3) of Theorem 4.6. D 

Remark 8.5. By the above proposition, if / takes its values in K, then {X (M), d ) 
is the total complex of the double complex (X (M), dp ,di ). 



8.1. The filtration of (X (M),d ). Let F,(X"(M)) := ©^>^ x" "'"(M). The 
cochain complex {X {M),d ) is filtered by 

(8.17) Fa(X*{M)) D Fi(X*{M)) D F2(X* (M)) D Fj.(X* {M)) D.... 

Remark 8.6. By Proposition 8.1 and the definition of {X {M),d ), the map 

9*: (X*{M),d*)^{X*{M),d*), 

given by 9" ~ X]r+s=ri^'^^' i^ ^^ isomorphism of cochain complexes. It is evi- 
dent that 9* preserve filtrations. Consequently, the spectral sequence introduced 
in (4.10) coincides with the spectral sequence associated with the filtration (8.17). 
Clearly the compositional inverse of 9* is the map 

d*: {X*{M),d*) — > (X*{M),d*), 

defined by i9"==Er+s=n^'''- 
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.2. Comparison maps. Let 



': {RouiK'^iE ,M),b* 



{X*iM),d 



and 



V'*: (X*(M),/) -^ (RomK^E® ,M),b*) 



be the morphisms of cochain complexes defined by (/) :~ ??* o(f>* and ip := 0* o9*, 
respectively. By the comments in Subsection 4.f, we know that (p o tj} = id and 
ipocf) = -000 is homotopically equivalent to the identity. Moreover, by Proposition 4.9 
and Remark 8.6, the morphisms (j) and ip, and the homotopy u)*^^ : Tp o (p — > id*, 
preserve filtrations. 



9. The cup and cap products for cleft crossed products 

Let E := A^fH, K and M be as in Section 7. Assume that E is cleft. The aim 
of this section is to compute the cup product of HH^(i?) in terms of {X , d ) and 
the cap product of Hf (£;, M) in terms of {X* ,d*) and (X*(M),d*). We wih use 
the diagrams introduced in (1.1), (1.2), (1.3), (1.5) and Remark 7.3. We will need 
the following generalization of the maps p^ introduced in Definition 7.5. 



wc let Psr '■ H^ 



-^ A^ denote the map 



Definition 9.1. For all r, s G 
recursively defined by 

Plr -^ Pr and ps+l^r = Plr°{H ®k Psr)- 

For hi, . . . ,hs G -ff and ai, . . . , a^ G A, we set his • Siir '■— Psr(tiis (^k air)- 

Remark 9.2. The map psr will be represented by the same diagram as p. 

Notations 9.3. Let S be a fc-algebra. For all n G IN we let ,u„ : _B^fc -^ B denote 
the map recursively defined by 

^1 := ids and pLn+i '■= Pb ° {Pn ®k B). 

wc define 13 -k 13' G X 



Definition 9.4. For ^ G X and /3' G X 
(— 1)*" '^ times the map induced by 



•r+r ,s+s 



as 




where 



D := A®1, D' := A®1 , C := iJ®^ and C" := i7®= , 

j3: D ®kC ^^ E and 13' : D' ®kC' ^ E arc the maps induced by (3 and /3', 
respectively, 

u :== p,si o ^®k and u := pgi 07®*= ogc^', in which 7 is the convolution 
inverse of 7. 



36 



G. CARBONI, J. A. GUCCIONE, J. J. GUCCIONE, AND C. VALQUI 



Proposition 9.5. Let • be the operation introduced in Definition 5.1. For each 
/SgJT' and P' (zX"' "' , 

e{ii^p')^e{p).e{fi'). 

Proof. See Appendix B. D 

Theorem 9.6. Let /3 e X''", /3' e X' " and n := r + r' + s + s' . Let R be a stable 
under s and p K-subalgebra of A. If f takes its values in R, then 

^(V^(/3) ^ V^(/3')) = /3 * /3' module X^7;f , 

where X j^fil denotes the k-vector subspace of X ' consisting of all the K"^ -linear 
maps 

that factorize throughout W,j n C„ , where W^ and C,j are as in Notation 4.5. 

Proof This is an immediate consequence of Proposition 9.5 and Tlieorem 5.2. D 

Corollary 9.7. // / takes its values in K , then the cup product of YSl*j^{E) is 
induced by the operation -k in {X ,d ). 



Proof. It follows from Theorem 9.6, since Xj^i-A = for all i. 
Definition 9.8. Let /3 ^ X . For r >r' and s > s' we define 

Xrs{M) ^Xr-r'.s-s'{M) 

[m ® Siir\H ®k his I ^ {[m <E> SLir]H <E)k his) * /3 

as (—1)' ^'^^'^ ' times the morphism induced by 



n 




where 

- D := ^®s D' :^ A®^', C := iJ®° and C" := i?®^', 

- P : D' (E)k C ^^ E is the map induced by 13, 

- u := /is' 07*^'! and u := p,s' 07®*= ogc^/, in which 7 is the convolution 
inverse of 7. 

If r < r' or s < s' , then we set ([to ® SLir]H '^k his) * P :— 0. 

Proposition 9.9. Let • be the action introduced in Definition 5.4- The equality 
i}{{[m air]H (^k his) *I3) =i9{[m® ai^]^ ®fe iiis) • 9{(3) 

holds for each [to, ^ &ir]H "Xifc his G Xrs{M) and (3 E X 

Proof. See Appendix B. D 
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Theorem 9.10. Let [m (E) air]H ®k hi^ e Xrs{M), /3 G X and n:—r+s-r'-s'. 
Let R be a stable under x K-subalgebra of A. If f takes its values in R, then 

%l>{4>([m ® &ir\H ®k his) ^ ip{(3)) = {[m (g) ai^]// <Ek his) * P 

module 

(xfV,(M) + Mf3(xZ) C^A [E/Arr' ® A®"""^'), 

where X^i^, denotes the k-vector subspace of A ®k H ^ generated by all the 
simple tensors ai^ ®k hi_s, with at least 1 of the Oj 's in R. 

Proof This is an immediate consequence of Proposition 9.9 and Theorem 5.5. D 

Corollary 9.11. // / takes its values in K, then in terms of {X .^,{M) , d-t,) and 
{X ,d ), the cap product 

Hf (i?,M) X mi^{E) ^ H,f_„(i?,M), 

is induced by -k. 

Proof. It follows immediately from the previous theorem. D 

10. Cyclic homology of a cleft braided Hope crossed product 

Let E := A^fH, K and M be as in Section 7. In this section we show that if E 
is cleft, then the mixed complex (X*, d*, 1?«) of Section 6 is isomorphic to a simpler 
mixed complex (X*,d*,D,). We will use the diagrams introduced in (1.1), (1.2), 
(1.3), (1.5), Remark 7.3 and Remark 9.2. 

Let 0* : X* — > X* is the map introduced in Remark 7.11 and ??* is its inverse. 
Recall that 6'„ = ®r+s=n ^rs- Hence 'dn = ®r+s=n'^rs^ where -drs is the inverse of 
Ors- For each n > 0, let I?„ := 0„+i o _D„ o dn- 

Theorem 10.1. (X*,^*,!)*) is a mixed complex that gives the Hochschild, cyclic, 
negative and periodic homology of the K-algebra E. More precisely, the mixed 

complexes (X,,(i*,I?*) and {^E ® E ,6*,i?,) are homotopically equivalent. 
Proof. Clearly [X^,,d^,, D^j is a mixed complex and 

e,.: {X,,Z,D,) -^{X,,d,,D,) 
is an isomorphism of mixed complexes. So the result follows from Theorem 6.2. D 

We are now going to give a formula for D„. For < j < s, let 

T,:M® A®^ ®k Tf' ^ M ® A®" (g)k i?®^^' 
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be the map induced by 




where 



D := ^®^ , C := H'»- and C" := iJ®° ' , 

7 denotes the map 7®*= , where 7 is the convolution inverse of 7, 

^ denotes the maps fij and fJ.s-j, 

u denotes the map fj,s-j ° 7®*= , 

g denotes the map gC2s_2j introduced in item (5) of Section 7, 

S denote the map S'^^ . 



and let r, : Xrs -^ ^r,s+i be the map induced by Tj 



-ttRI 



In the next theorem we use the notation F^{Xn+i) := F''^{Xn+i) n X^^i{E). 

Theorem 10.2. Let R be a stable under s and p subalgebra of A. If f takes its 
values in R, then the map Dn '■ Xrs -^ Xn+i, where r + s = n, is given by 






module F^{Xn+i)- 
Proof. See Appendix B. 



n 



Applying the previous theorem to the classical case (i.e. when H is an standard 
Hopf algebra and s: H iS^k A -^ A (E)k H is the flip), we obtain an expression for 
D module Ff^{Xn+i), which is more convenient that the one given in [C-G-G, 
Theorem 3.3]. Explicitly, we have: 



^(x) 



3=0 



lih^,) ■ ■■l{hi'^)aj{h^^^h'\h(^^) ■ • •7-^(/^f+'i) 



(3) 



^t\-(---eV(^?^-ar 



"3+ 
module F^(Xn+i), where 

X :== [aj{ho) ® air]H ®k h-u, 
ills ®fc "is ®fe "j+i,s ®fe "i+i,s 



,(5) 



H 



9k ii^ili^s ®fc h^o^S{h[''> ■ • • /i(i)) 0fc hg^ 






:(id 



H"fc 



.A3 



HS>a 



3A^8g(hli 



CYCLIC HOMOLOGY OF BRZEZINSKPS CROSSED PRODUCTS 39 

and 

h ■ air '■— ^ ■ ai ® ■ ■ ■ ® h^"^' ■ a^, 
in which h ■ a denotes the weak action oi h E H on a E A. 

10.1. The spectral sequences. Let 

"rs • -^rs ^" Xf-i.s and a^j, : X^s -^ ^r,s-i 
be as above of Theorem 7.6 and let 

be the map defined by d"{x.) = J2'}Zli-'^y^'^^'Tj. 



10.1.1. The first spectral sequence. Let 



drs'- Hr(X*s, d^jjj — > IIr[X^^s-i,d^ ,,_^j 



and 



Drs'- ^r{X^,s,d^g) > llr[X^^s+l,d^,,j^_i) 

be the maps induced by d and D , respectively. Let 

(10.18) ^"(Tot(BC(X,,rf,,;D,))) C^^{Tot{BC(X,,d,,D,))) C ••• 

be the filtration of Tot(BC(X*, d*, Z?*)), given by 

f'{Tot{BC(X,d,D)n)) ■.= ^F'-^^Xn-2jW, 

where F^^'^'-' {Xn-2j) is the filtration introduce in Section 7.1. Since the isomor- 
phism 

satisfies 

0„(r^(Tot(BC(X,d,5))„)) =^*(Tot(BC(X,rf,^))«), 

where :r*(Tot(BC(X, d, £)))„) is as in the proof of Proposition 6.6, the spectral 
sequence introduced in that proposition coincides with the one associated with the 
filtration (10.18). In particular 

Hr(^**,a^^j :^ I Hj.(A .p,, a^^ j , ctr*, -Dr> 
is a mixed complex and 

E^j, = HCg ( Hj.(^,,, d^ 
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10.1.2. The second spectral sequence. For each s > 0, we consider the double com- 
plex 



Xssu" ^ ^3.s-lW^ -^ ^3,s-2M^ -^ X3^s_3u3 






^l«u°^^^M-iw' 



where XosU° is placed in the intersection of the 0-th column and the 0-th row. Let 
(10.19) i^°(Tot(BC(X,,d,,D,))) C Fi(Tot(BC(X,,rf,,;D,))) C • • • 

be the filtration of Tot(BC(X*, d*, I?*)), given by 

F*(Tot(BC(X,d,;D))„) := 0F^-^(X„_2,>^ 

where i^"^^ (^n-2j) is the filtration introduce in Section 7.1. Since the isomorphism 

satisfies 

0„ (f^ (Tot(BC(X, d, i3))„) ) - F^ (Tot(BC(X, d, D)\) , 

where F'' (Tot{BC(X, d,D))n) is as in the proof of Proposition 6.7, the spectral 
sequence introduced in that proposition coincides with the one associated with the 
filtration (10.19). In particular Tot(Ss) ~ Tot(Es), and so El^ = H(Tot(Es)) for 
all r, s > 0. 

10.1.3. The third spectral sequence. Let 



and 



drs- as\Xr*,d^.^j > }is[Xr-l.*,d^_i . 



Drs'- H5(Xj.*, rf,.^) !> Hs(Xr,* + l, rf^^_|_]^j 



—0 — 

be the maps induced by d and D , respectively. Let 

(10.20) S^°(Tot(BC(X,,rf,,;D,))) CS^i(Tot(BC(X,,d,,;D,))) C 

be the filtration of Tot(BC(X*, d*, D*)), given by 

r (Tot(BC(X,rf,;D)„)) := 0r-^(X„_2J)w^ 

where 
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Since the isomorphism 

satisfies 

en[r{TotiBC{X,d,D))„)^=r{Tot{BG(X,d,D))n), 

where ^^(Tot{BC{X,d,D))n) is as in the proof of Proposition 6.8, the spectral 
sequence introduced in that proposition coincides with the one associated with the 
filtration (10.20). In particular 



is a mixed complex and 



10.1.4. The fourth spectral sequence. Assume that / takes its values in K. Then 
the mixed complex (X^,,d^,,D^,) is filtrated by 

(10.21) J^{X,,d,,D,) CT^X,,d,,D^) CT^{X,,d,,D^) C--. , 

where 

Hence, for each r > 1, we can consider the quotient mixed complex 

F'-{X,,d,,D:) 



X := 



J"''-i(X*,rf*,D* 



It is easy to check that the Hochschild boundary map of X is d^^ : Xr* — > X^,*-!, 

and that, by item (1) of Theorem 10.2, its Connes operator is D^^, : Xj.* — > Xr,*+i. 
Since the isomorphism 

e,.: {X,,Z,D,) -^ (X,,d„D,), 

satisfies 

0,(^'^(X„d„5,)) =F'-{X,,d,,D,), 

where J^^ [X^,,d^,, D^,) is as in Section 6.1.4, the spectral sequence introduced in 
Proposition 6.9 coincides with the one associated with the filtration (10.21). In 
particular X ~ X'' and so S^, — IICs(X ). 

11. Crossed products in Yetter-Drinfeld Categories 

The results established in this paper apply in particular to crossed products in 
the category ^yV of Yetter-Drinfeld modules over a Hopf algebra L. Next we 
consider the case where L is a group algebra k[G], with k a field. Recall that a 
Yetter-Drinfeld module over k[G] is a fc[G]-module M, endowed with a G-gradation 
M = 0^g(3 M„ such that '^M^ = M„^„-i for aU a,T eG. A morphism of Yetter- 
Drinfeld module over k[G] is a fc[G]-linear map Lp: M ^i- M' such that tp{Mfj) C M'^ 
for all a G G. The category QyV := j, UuV^, of Yetter-Drinfeld modules over k[G], 
is a braided category. The unit object is the /c[G]-trivial module k concentrated in 
degree one; the tensor product M 0^ TV of two Yetter-Drinfeld modules over k[G] 
is the usual tensor product over k, endowed with the diagonal action and with the 
gradation defined by 



(M (g)k N)„ = Mr, (E>k Mr, 



T1T2=CT 
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the associative and unit constraints are the usual ones; and the braided 

CMN : M®kN -^ N ®kM, 
is given by CMNi'Ti ® n) — '^n'Si'm, for m £ M„. In this section we obtain formulas 
for the boundary maps d and d (see Theorem 7.6) and for the coboundary maps 
do and di (see Theorem 8.2), when A^fH is a cleft crossed product in §3^2?, whose 
transposition s: H^kA — ?■ A^^H is cha- We do not give a formula for the Connes 
operator D, because in general the computations are very involved. 
We will use the following facts: 

(1) An (associative and unitary) algebra in ^yD is a Yetter-Drinfeld module 
A over fc[G], endowed with and associative and unitary multiplication such 
that 

le^i, A„Ar<ZA„r, "1 = 1 and "{ab) = ''a''b, 

for all a,T £ G and a,b £ A. 

(2) A (coassociative and counitary) coalgebra in ^yV is a Yetter-Drinfeld mod- 
ule C over k[G], endowed with and coassociative and counitary comultipli- 
cation such that 

e(a) = Oifa^l, A(a)C Cr.^kCr,, 

s^c) = s{c), C^c)(i) ®k C^c)(2) = -(c(i)) ®fe '^(c(2)), 

for all (7 e G and c <E C. Because of the compatibility between the gradation 
and the comultiplication of G, given c e Co- , we can write 

•^1^2=0- 

where Ct^ ^k cij G G^ ®k Gr2 is a sum of simple tensors. 

(3) A a Yetter-Drinfeld module H over k[G] is a bialgebra in QyV if it is an 
algebra and a coalgebra in ^yV, whose counit e and comultiplication A 
satisfy 

e(l) = 1, e{hl) :=^ e{h)e{l), A(l) = 1 ® 1 
and 

for all h e H„, I G H^ and t G G. 

(4) A bialgebra H in ^yT) is a Hopf algebra in 'oyV if id// is invertible with 
respect to the convolution product in HomGj;x)(if, if). That is if there 
exists a map S: H ^ H oi Yetter-Drinfeld modules, called the antipode of 
H, such that 

5(/i(i))/i(2) ^ /i(i)5(/i(2)) ^ e{h)l for all heH. 

(5) Let _ff be a Hopf algebra in §3^2? and let A be an algebra in ^yD. In the 
sequel we let s denote the braid cha- It is evident that s is a transposition. 
A weak s-action of _ff on A is a map of Yetter-Drinfeld modules 

H(SkA — ^-^A 
h®k a I ^ h ■ a 
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such that 

1 ■ a — a, 
h-1 = e{h)l, 

l.{ab)^ ^(4i).-a)(;(2).6), 

ioY h e H,l e H„ and a, 6 e A. 

(6) Let if be a Hopf algebra in QyT> and let A be an algebra in QyV. Assume 
we have a weak s-action p oi H on A. A map of Yetter-Drinfcld modules 

f : H ®k H ^ A 

is a normal cocycle that satisfies the twisted module condition if 



7iCT2 = cr, TiT2 = T, ^;1U2=- 



E f{h^^^>^^'iil').f{hm' 



?fc TO) 



^1 ■'^2''^1 '"^2 £'2 
7xCT2 = cr, xiX2 = T- 



and 



J2 /.W.(-?W.--a)/(4^>,?( 






71CT2=Cr, TIT2=T 



E /(/.W«,-?W)(/.(^)/(^^).a, 



(2) 

7i<T2 = cr, XI 7-2 = 1 



for /i e iJcr, I e -ffr, TO e M^ and a £ A. 
(7) Let if be a Hopf algebra in qD^X' and let A be an algebra in ^yD. Assume 
that we have a weak s-action p of iJ on A and a convolution invertible 
normal cocycle / that satisfies the twisted module condition. By definition 
E :— A^fH is the associative unitary fc-algebra with underlying fc-vector 
space A®k H and multiplication map 

{a#h){m) = E "C^^V ■ "^"■^&)/(4'2^ ®k ^HW)#hiinif, 

CTiCT2CT3 = cr, rir2=T 

for h £ iJ(j, / £ iii- and a £ A. 



Remark 11.1. Let C be a coalgebra in ^3^1', a,T (z G and c £ Co-. In relation with 
item (2) above, note that 

E ^(4l))«'c^(4^2^)- E r^)tt-.®a^c)(v.- 

ui,v2£G vi,v2eG 

vx'V2 = cT v-YV2 = ^ 

To the sake of simplicity we set 



E ^c(>,^c(^= E ^^)®^'^ 



"V2 

v\,v2eG v-^,v2eG 



In order to give a convenient expression for the maps di and d in Theorems 11.2 
and 11.3 respectively, we will need introduce the following notations: 
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- Let A be an algebra in §3^^, t E G and oi, . . . , a^ G A. We set 

- Let iJ be a Hopf algebra in §3^2?, A be an algebra in ^yD, a £ G, h E H^y 
and fli, . . . , Or £ A. We set 



Theorem 11.2. Let E he as in item (7) above and let M be an E-bimodule. Let 
K be a Yetter-Drinfeld subalgebra of A (that is, K is a G-graded subalgebra of A, 
which is closed under the action of G over A). Assume that p{H 0^ K) C K and 

let (X*(M),(i,) he as in Theorem 7.6. Then the terms d and d of d are given by: 
d (x) = [mai ® aL2r]H ®k his 

r-l 

+ ^(-l)'[m ® ai,j_i OiQi+i ® aLi+i,r]H ®k his 

i=l 

+ (-l)''r= '■■■"! 'arm (g) ai,r_i]// (g)k hu 
and 

d (x) = (-1)'' [me{hi) (g) air] ^ ®k ^2s 

s-l 

+ '^{-'^Y^' [m ® air] fj ®k hi,i-i ®k hihi+i ®u ^i+2.,s 

i=l 
+ E {-ir^'[l{hfr.)^l-\^h^^;>,)®^hf),^>B!,r]H ®k hl.s-l, 

^l'^2^3 = '^s 

in which 

X := [m (K) air\H ®k his with hi e H„^ ,... ,hs G Ha^ , 

— -1 — 1 

(T := CTi • • • (Ts-i a^r :=: '^^1 '^ ai^ 

and 

'^1>'^2.'^3GG 
^1^2'^3 = '^s 

with hi% lg)k hsX '^k hi% £ H^ ®fc i?r2 ®fe -f^rg • 

Proof. The formula for d follows immediately from Theorem 7.6 and the fact that 

s"i(a®fe his) ==his(8)fe''-"''''''i'a 

for each hi € H„^ , . . . ,hs G H^^ and a G A, while the formula for d follows from 
Theorem 7.6 and the fact that 



:(hi,s-i <E>k hi^'>) (g)k hf^ = E "^ilri ®k hi,s-i ®k hi 



2) 

S,T2 



'"l''2 = 



and 



'^1T"2'^3=0'S T"lT2 = CTs 



for each /ii € H^r^ ^ . . . ^hg G H^r^ and ai, . . . , a^ G A. D 
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Theorem 11.3. Let E, M and K be as in the previous theorem and let {X (M), d ) 
be as in Theorem 8.2. The terms do and di of d are given by: 

do{l3){x) ^ ail3{a2r <»k his) 

r-l 

+ ^(-l)*;5(ai,j_i (g) ajftj+i (g) SLi+i^r <^k his) 

+ (-l)" "»"'-"i"'a,/3(ai,,_i ®fe his) 
and 

di(/3)(x) = (-l)''e(/ii)/3(ai, ®fc h2s) 

s-l 

+ ^{-ly^' 13 {air ®fe hi,i_i (8)fe /i^ft-i+i (g)fe hj+2,s) 



J2 (-ir*7(/^i'4)/S(^/^i'4>a'i.®fchi.s-i)7-^r/^w 



1) 



in which 



and 



X := air «)fe his with hi e -ffcri , . . . , /is G i/^, , 

CT := CTi • • -CTs-l, a'jr = '^^^ '^ ^Ir 



Y: hi'X^,h(X^,hi%:^A'{K), 

with hi% CS)k hsX '^k hi% € H^ ®fe ifr2 ^fe Hr^ . 

Proof. Mimic the proof of the previous theorem. D 

Appendix A. 

This appendix is devoted to prove Propositions 3.11, 3.12 and 3.13. Lemmas A.l, 
A. 2, A. 4 and A. 6, and Propositions A. 5, A. 7 and A. 9 generahze the corresponding 
resuhs in [C-G-G]. Except for Propositions A. 5 and A. 8 we do not provide proofs, 
because the ones given in that paper work in our setting. 

We will use the following notations: 

(1) We let Lrs ^ Urs denote the iiT-subbimodules of Xrs generated by the 
simple tensors of the form 

I (^A Ja{^1s) (^ SLir (E) I and 1 (g)A 7a(vis) ai^ 7(w), 

respectively. Moreover we set 

" •= \J^ ^rs and Un := y^ Urs- 
r-\-s—n r+s—n 

(2) Given a subalgebra i? of A we set 

vRl /T\ vRl 

r+s—n 

where A^^ is as in Notation 2.3. 

(3) We write F^(A„) := F^(A„) n X^\ 

(4) Wc let Wn denote the X-subbimodule oi E ® E ® E generated by the 
simple tensors 1 (g) xi„ ® 1 such that Xi £ AVJVk for all i. 
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(5) We let W^ denote the i^T-subbimodule oi E ® E ® E generated by the 
simple tensors 1 ® xi„ (g) 1 such that #({j : Xj ^ A U Vk}) < 1- 

(6) Given a subalgebra R of A, we let C!^ denote the _E-subbiniodule oi E ® 
E ®E generated by all the simple tensors 1 eg) xi„ (g) 1 with some Xi in R. 

(7) Let R^ denote F' {E ® ^B®" ® E) \ F'-^ {E ^B®" ® E) . 

The identification Xrs —{E^kV '°)(g)^ (g)_E induces identifications 

Lrs ^ (K (g)fc F® " ) (g) A®'' ® X and L/„ ~ (X (g fe F®" ) (g l'®'^ ® KV, 
where, as at the beginning of Section 2, V denotes the image, k^V, oi j: V ^ E. 
Lemma A.l. We have 

n n — r 

Lemma A. 2. The contracting homotopy W satisfies WoW = 0. 
Remark A. 3. The previous lemma implies that 

V'(xo„ ® 1) = (-1)"cto?/;(xo„) 
for all n > 1. 
Lemma A. 4. It always holds that d}{Lrs) Q Ur+i-i,s-i, for each I > 2. Moreover 

d [Lrs) Q ELr^s-l + Ur,s-1- 

Proposition A. 5. Let R he a stable under x subalgebra of A. If T takes its values 
in R ®k V , then 

</>(! ®A T4(vii) ® Sii^ri-i ® l) = 1 g) Sh(vH ®k ai,„-i) ® 1 

module F'-^{E E^" (g) S) n W„ fl C^. 

Proof. We proceed by induction on n. For n = 1 this is trivial. Assume that it is 
true for n — 1. Let x :— 1®a lAi'^u) ai,n-i ® 1- By item (2) of Theorem 2.4, the 
fact that (i'(x) £ Un-i+i~i,i-i (by Lemma A. 4), the inductive hypothesis and the 
definition of ^, 

eo0od'(x) eF'-^+^{E(g)E^" (E}E)nWnnC^ foran/> 1. 
So, 

(/)(x) = e o o rf" (x) + ^ o o d^ (x) (mod F'-^{E(g, B®" ® B) n VK„ n C^) . 
Moreover, by the definitions of d", (f) and ^, 

C o o d°(x) = (-1)"C ° 0(1 ^A T4(vn) g) ai,„_,) , 
and by Theorem 2.4 and the definitions of (/) and ^, 

eo0odi(x)=^(-l)'e°0(l®AT4(vi,._i)®af],_,®7(«f)), 

where ^; a\ „_j (g^ u^- := x{vi ®k ai_„_i). The proof can be now easily finished 
using the inductive hypothesis. D 

Lemma A. 6. Consider a stable under x subalgebra R of A such that T takes its 
values in R g)fe V . The following facts hold: 

(1) Let X := 1 g)^ 7yi(vii) g) ai+i^„. If i < n, then 

ct(x) = cr°(x) = (-1)" g)A 7a(vh) g) a,+i,„ g) 1. 
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(2) Ifz = 1 ®a7a(vi,j-i) (g)ai^„_i (8)a„7(w„), then cr'(z) G C/„_i+i+i,i_i_( /or 
/ > anrf cr'(z) G X^^ /or Z > 1. 

(3) Ifz = 1 ®A7A(vi,i-i) ® aj,„_i ® 7(w„); f/ien cr'(z) ^0 for l>0. 

(4) If z = 1®A 7a(vi,i_i) (g) ai^„_i (g) a„7(i;„) and i < n, t/ien ct(z) = (t"(z), 
module i^^~^(X„) n C/„. 

(5) // z = 1 (g)A 7a(vi,„-i) (g) a„7(w„), i/ien a(z) = -(t° o a^^ o ty(z) + ct"(z), 
module F]^'^{Xn) n [/„. 

(6) //z = 1 ®a7a(vi,„_i) (8)7(w„), t/ien ct(z) = -cr° o cr-i o i/(z). 

(7) If z = 1®A 7A(vi,i-i) ®sii^n~i ® l{vn) and i < n, then a{z) = 0. 

Proposition A. 7. Let R he a stable under x subalgebra of A such that J- takes its 
values in R 0^ V . The following facts hold: 

(1) Vll '^ 7(vii) ® ai+i,n ® 1) = 1 ®A JA{-Vli) «) ai+l^n ® 1- 

(2) // X = 1 eg) xi„ (g) 1 G i?i n W„ and there exists I < j < i such that Xj G A, 
then V'(x) =0. 

(3) //x = 1 g)7(vi,i„i) (gai7(wi) g) aj+i_„ ® 1, t/ien 

V'(x) = 1(^A -fA{-vi,i-i) <»A aij{vi) g) ai+i,„ «) 1 

+ ^ 1 g)A 7A(vi,i-i) g) a, (g al'^i „ (g 7(wf ), 

module F]^'^{Xn) H C/„, where Y,i ai+i,„ gifc «! := x(wi g)fc ai+i,„). 

(4) //x ~ 1 (g 7(vi^j^i) (g aj^{vj) g) 7(Vj+i^j) (g ai+i^„ (g 1 with j < i, then 

V'(x) = 1®A 7a(vij-i) ®a ajj{vj) g)_A 7A(vj+i,i) (g aj+i,„ g) 1, 

module F]^'^{Xn) n [/„. 

(5) //x = 1 g) 7(vi^i_i) aij-_i g) aj7(wj) g) aj+i^„ g) 1 with j > i, then 

V'(x) =^1®A 7A(vi,i-i) g) ay g) ay|i_„ g) 7(vj'07 

module F}^^{Xn) n C/„, where J2i ^j+i,n '^k Vj := x{vj (gfe aj+i^„). 

(6) If X — 1 (g) xi„ g) 1 G i?i n W^ and there exists 1 < ji < J2 < n such that 
.Tji G A and Xj^ G V/f, then ip{x) G F^~^(X„) n C/„. 

Proof. For items (l)-(5) the proofs given in [C-G-G] work;. We next prove item (6). 
Assume first that a;„ ^ i^i^) U V. Then, by Remark A. 3 and item (2), 

V'(x) = (-f )"^o ^(f g) xi„) = (-f )M0) = 0. 

Assume now that a;„ G A. Then, by inductive hypothesis 

V-Cx) = (-f)"ao V'll ® xi„) G a 1x^1^ n Un-i-ijA] , 

and the result follows from items (1) and (4) of Lemma A. 6. Finally, assume that 
Xn e V. Then, by inductive hypothesis or items (3), (4) or (5), 



V'(x) = (-l)"CToV'(lg)Xl„) GCT AUn 



i-2 \ 

1=0 J 



and the result follows from items (4) and (7) of Lemma A. 6. D 

Proposition A. 8. The following facts hold: 
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(1) // X = 1 ® 7(vii) <S) SLi^n-i ® 1, then 

o i/;(x) = 1 Sh(vH ®k ai,„-i) ® 1 

module F*-i {E ® S®" (g) S) n W^„ n C^. 

(2) //x = 1 (g) Xi„ (g) 1 e i?i n T4^„ and i/iere exisis 1 < j < » smc/i t/iot a:;^ G A, 
then (/)O'0(x) = 0. 

(3) //x = 1 ® 7(vi,i_i) (g)ai7(wi) g) aj+i,„ ® 1, t/ien 

(/) o '(/)(x) = ^ a"-' ® Sh(v"j_;^ (gfe Wj (gfe Sii+i.n) ® 1 



+ ^ 1 ® Sh(vi^,_i ®k ai ® Silli^r) ® 7K ) 
lule 

(f^-^ {e (g) s®" g) £;) n Aw„ + F'-^ {E g) E®" g) £;) n WnV) n c^ 



w/iere 

^a- g'fcvi'j_;^:=x(vi,i-ig>fcai) and ^ a|^^_„g)fcvf' :=x(wi(gfcai+i,„). 

(4) //x = 1 g) 7(vi^j_i) (g aj^{vj) g) 7(vj+i^j) (g ai+i^„ g) 1 with j < i, then 

0oV'(x) = ^4 ® ^^(■^i,i-i ®k Vjj «)fe ai+i^„) g) 1, 
I 

module 



(f^-^ {e eg s®" g) s) n Aw„ + F'-^ {E g) £;®" g) £;) n WaV) n c, 



n 1 



(5) //x = 1 g) 7(vi^i_i) g) ai,j„i g) cij'jivj) g) aj+i.„ g) 1 wit/i j > i, then 

<j> o ^(x) = XI 1 '^ Sh(vi,,_i g)fc ay g) ajji „) g) 7(wj'^) 

morfuZe f''^{E(se'^" g) s) n VK„v n c^. 

(6) // X = 1 g) xi„ g) 1 € -Ri n W^ and there exists 1 < ji < J2 < n smc/i i/iai 
aJji G A and Xj^ £ Vx; then 

(l)oip{x) eF'-^{E®E^^ ®E)nWnVr\C^. 

Proof. (1) This follows from item (1) of Proposition A. 7 and Proposition A. 5. 

(2) This follows from item (2) of Proposition A. 7. 

(3) By item (3) of Proposition A. 7, 

(/)oi/)(x) = X (pia^P ®A 7a(vi']_i (gfc Vi) g) ai+i,„ g) l) 

+ X 0(1 ®A 7a(vi,^_i) ® ai g) a,^!^i „ g) 7(1;^)), 
module (j)[F'^'^{Xn) n C/„), where 

I I 

The desired result follows now from Proposition A. 5. 
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(4) By item (4) of Proposition A. 7, 

(/)o'(/;(x) = ^ (l)(af'' ®A T4(vi']_i ®fe Vji) ® ai+i^n ® l) 

module F^'^{Xn) n Un, where J2i '^i ®fe '^i.i-i '■— x(vi,j-i ®k aj). To conclude 
the proof of this item it suffices to apply Proposition A. 5. 

(5) By item (5) of Proposition A. 7, 

(/) o V(x) EE Y, 0(1 ®A 7A(vi,i_i) ® a,j (g) aj.'ji „ « 7(vf ^)) , 

module 0(i^]j^^(X„) n f7„), where J2i 4+1," '^'^ "i '^ ^("j ^'^ aj+i,„). The result 
follows by applying Proposition A. 5. 

(6) Proceed as in the proof of item (5) but using item (5) of Proposition A. 7 instead 
of item (5). D 

Proposition A. 9. //x = 1 ® xi„ ® 1 e -Rj n W^, then 

w(x) G F* (s eg) ;b®"^' g) £;) n Wn+i- 



Appendix B. 

The purpose of this appendix is to prove Proposition 7.4, Theorem 7.6, Proposi- 
tions 9.5 and 9.9, and Theorem 10.2. We will freely use the notations introduced in 
the previous sections, and the properties established in Definitions 1.6, 1.8 and 1.13, 
and Remarks 1.7 and 1.9. We will also use the diagrams introduced in (1.1), (1-2), 
(1.3), (1.5), Definition 1.2 and Remarks 1.15, 7.3 and 9.2. Actually, in this appen- 
dix we will use them with a wider meaning. Finally we let 7 denote the convolution 
inverse of 7. 

Let Ci and C2 be two coalgebras. It is easy to see that if c: Ci®kC2 -^ C2®kCi is 
compatible with the coalgebra structures of Ci and C2, then d (gfc C2 is a coalgebra 
with counit eci ®k £C2) via A := (Ci ®k c®k C2) ° {^Ci ®k ^c^)- We will denote 
this coalgebra by Ci ®cC2- 

Lemma B.l. Let E be a k-algehra. Ifu: Ci -^ E and v. C2 — > i? are convolution 
invertible k-linear maps, then the map fiE ° {u (g)fc v) is also convolution invertible 
and its inverse is he ° iv~^ (g)/c u~^) o c. 



Proof. Set u :- 
have 



V := V ^, f := fiE ° {u (gfc v) and g :— ^e ° {v (gfe u) o c. We 

C'l C2 



f*9 = 




3®® 



1lE°^Ci®aC-2i 



as desired. Similarly g * f ^ tje ° £Ci«icC2- 



n 



Let _E be a fc-algebra. Recall that for all s G IN we let fis ■ -B®^ — > E denote the 
map recursively defined by 

fii := idE and fig+i ■■= ^J-e ° {p-s ®k E). 
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Lemma B.2. Let E be a k-algebra and let H be a braided bialgebra. If u: H ^ E 
is a convolution invertible k-linear map, then for all s G IN, the map fisou'^'' , is also 
convolution invertible. Its inverse is /XgOu^fcogc^, where u is the convolution inverse 
of u and gc^ : H^'' — > H^'' is the map introduced at the beginning of Section 7. 

Proof. We make the proof by induction on s. Case s = 1 is trivial. Assume that 
the resuh is vahd for s. Let Ci := H'^" and C2 = H. By the previous lemma the 
fc-linear map fiE ° ((/is ° u^'') Ofc uj is convolution invertible and its convolution 
inverse is fiE°{{l^s ou'*'= ogCg) ®fc w) ocgi. But, by [G-G2, Corollary 4.21], we know 



that iJ®= = Ci (g)c,i C2 and ((u®^ ogCg) «)feu) ocsi = u®*" ogc^+i. 
Proof of Proposition 7.4. Let 

drs- M ®aC ®k D ^ M ®k D ®k C and drs- M (S)k D (S)kC ^ M < 
be the /c-linear maps diagrammatically defined by 



M C D 



D 



C(^kD, 





where 

- C := H'^i,C = E'^^ and D := ^®S 

- /I is the map induced by fig '■ E®*= -^ E, 
" 7 •— 7®-* ^nd u := fig 07®*= ogc^- 

It is easy to see that 6rs and drs are induced by {—lyOrs and {—ly^'drs, respec- 
tively. Hence in order to finish the proof we must see that i!)rs ° (^rs — id and 

Ore O '^rs = id- Let 

L:C^E®kC and T-.C^EiSSaC 
be the /c-linear maps defined by 

L := {jl ®k D ®k C) o [vA ®k C) and L := (^, 07®'^ ogc^ 0fc7®-^) o Ac, 
where va is the coaction introduced in Remark 7.2. Clearly 

e := (M ®k Ssr) o {p®k C®kD)o (M ®a L ®k D) 



and 



d := (p ®k C®kD)o (M ®k L®kD)o (M ®k Ssr), 



where p denotes the right action of _E on M . We will prove that drs°drs — id and we 
leave the task to prove that 9rs°'drs = id to the reader. Let F : M (E)kC -^ M (E)a C 
be the isomorphism given by T{m ®fe hi^) = m (x)a 7A(his). Since 

drsOOrs = (p ®k C) o [M ^kT) o (p ®k C) o [M ®A L) ®k D 



and 

we have 



{M(i)AL)oT^ {M^Al^sOl^'" (E>kC)o{M(g,kAc), 



r-i o (p 0fc C) o (M (E)k L) o (p (g)fc C) o (M (8)A i) o F = 
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where v := ^s ° 7®* and f := /ig o 7'^fc o gc^. To finish the proof it suffices to note 
that V is the convolution inverse of w, by Lemma B.2. D 

Lemma B.3. Let s,r eK. For C := H'^i and D := ^®s the equality 



is true. 

Proof. When s = r = 1 the formula is true by definition. Assume that r > 1 and 
that the formula is valid for H and D' := A'^''^'. Let D := A^"". We have 




Assume finally that s > 1 and the formula is valid for C" :— H'^'= and D :- 
Then, we have 



H c' D 



H C' D 



H c" D 




where C := H^-. 

Lemma B.4. Let s,r e IN. For C := H**" and D := ^®fc, the equality 



D 




is true. 

Proof. In fact, we have 





where the first equality follows from Lemma B.3. D 

Proof of Theorem 7.6. By Remark 7.11, the map 

6,: {X,{M),t) -^ (X,{M),d,) 

is an isomorphism of chain complexes. Hence, by the discussion at the beginning 
of Section 3, the homology of (X,(M),d*) is the Hochschild homology of the K- 
algebra E with coefficients in M. In order to complete the proof we must compute 
d and d . First we consider the map d . Let 



V,: M®A E'^^ (g)k A®^ -> M ( 



^»A 



{0 <i<r) 
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be the morphisnis defined by 



Uilm^A^is iXtai, 



m ^A xi,s-i ^A Xstt ® a2r if i = 0, 

m ^A xis ai_j_i (g) aiOi+i (g) ai+2,r if < i < r, 

OrTO Oa Xis (g) ai -r-1 if i = r. 



For < i < r, set i/i :— Ooviod, where 9 and i? are as in the proof of Proposition 7.4. 
By item (1) of Theorem 3.6 we know that d is induced by X]i=o(^-'^)*^«- Hence, d 
is induced by Yl\=a{^^Y^^'^i- ^^i i^i order to complete the computation of d it is 
enough to calculate the 77j's. We begin with the computation of T^q. Let C :— H®<= , 
D := A®k ^ ^ := j^k , /x := ^s_i, u := /Z07 and u := ^ 07®*= ogCg_;^. Since, 
by Lemma B.2, 



M C H A 



M C H A 



M C H 





we have 



M A D C H 



vo 




M A D C H 



K 
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Now, we compute 17^ for < i < r. Let Di := A< \ D2 := A'^l ' \ C := H'^=, 
7 := 7*^'=, jj. :— iJ,s, u :— fioj and u := fioj'^k ogc^. By Lemma B.2 

" Xy M Di A A D2 C M Dl A A D2 C 



M Di A A D2 C 






It remains to compute i^r- Let D := A^^ , C := iJ®<: , 7 := 7®*= , /i := /ig, u := /i07 
and u := /i0 7®'= ogc^. By Lemma B.2, 




We next compute d . Let 

u^: M(^A E^^ ®fc ^^^ ^ M ®^ E'^^~' (^k ^®^ (0 < i < s) 

be as above of Notation 3.5. We set 

Ui :— 9 o Ui o -d for < i < s. 

By item (2) of Theorem 3.6 we know that d is induced by X]i=o(~-'^)*^«- Hence, d 
is induced by X]i=o(~-'^)'^^'^'- ^°' ^'^ order to complete the computation of d we 
must calculate the m^'s. We begin with uq- Let Z) :— ^®'=, C := iJ®<: , /i := /is-i, 
u:=/i0 7®fc andu:=/i0 7®fc ogCg_]^. Again by Lemma B.2, 

A^ D H C 

\^ I M D Tf C 

M r> /f c 



uo = 





5^ 




M D H C 



r) 



Now, we compute Mi for < i < s. Let Ci := i7®<: and C2 '■— H'^" . Consider 
the map 
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diagranimatically defined by 



Ci H H C2 



$ 




where 7 denotes both 7®*= and 7'*'= , and /x denotes both /Xi_i and /is-i-i- 
Since 



Ci H H C2 



$ 




Ci H H C2 Ci H H C2 





where C :~ H®", u^: H'^'= — > H^^ is the map given by 

Ui(his) := hi_i_i ®k hihi+i (g)k h^+2,s 
and u denotes /ii_i 07®*: , jis-i-i 07®^ and /is 07®*, we have 



M DC M D C 



M DC 






4 M D C 



where D := A^^ and u := /i^ o 7®*= ogCg. Again by Lemma B.2. Finally, we 
compute Us. Let C := iJ®fc , £> := ^®fc, u := /is_i07®fc and u := /is_i07®fc o 
gCs_i. Again by Lemmas B.2 and B.4, 
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which finish the proof. 
Lemma B.5. We have 



D 



C" D 

<1 



= r V 



where C := H®-, C := H®- and D ■- A® . 

Proof. For s — s' — r — 1 the result is valid by definition. An inductive argument 
using 

H c' H A 
H c' H A H c' H A \/ 





shows that the result is valid when s = r = 1 and s' G M. A similar argument using 
the equality 

H C C' A 

shows that the result is valid when r — 1 and s, s' £ M. Finally, again an inductive 
argument using 



C C' O A C C' D A 



C c' O A C c' O A 



\^ 




= r\ 





\ 



completes the proof. 

Lemma B.6. The following equality holds: 



n 



V 



where C := iJ®? and D -.^ 
Proof. In fact, 



^x^Qfr^ 



where the first and last equalities follows from Lemma B.3. 



n 
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Lemma B.7. We have 




where C ■- H^'- , C ■- H'^' and D 
Proof. In fact, we have 




where the first equahty follows from Lemma B.3, and the third one follows from 
Lemma B.5. D 



Let 



and 



i)''" : liom(^A,E) {E'^'^^ (g) A'^\ E) ^ Hom^f e {A®^ (E)^ i/^'^ , E) 



r" : Homife {A'^^ (E>k i?®^ , E) -^ Hom(^,£;) {E^^ (g, A®" , E) 
be the /c-linear maps diagrammatically defined by 



m 



and ■d{a) 




where 

- C ■.= H®^%C^ {E/A)®A and D := 3®^ 

- 7^ is the map induced by /is : E®*= -^ E, 

- 7 := 7®^ and u := ^s 07®*= ogc^. 

It is easy to see that O^'^ and i?''" are induced by (— 1)'"«5»'« and (-1)^"^'"'*, respec- 
tively. 

Definition B.8. For 

a £ Hom(^^£;) {E®^ A®'' , E) and a' e Hom(^^£;) {E^^ (g) A'^^' , E) 

we define 

a'ia' e Hom(A,_E) {E^^' (g) A^^" , E) 

by 

i 

where r" := r + r', s" := s + s' and X^i air ®fc v^*|^ ,.„ := x(vs+i.s" ® ai^). 
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Lemma B.9. Let C := iJ®s C" := H'^- , D := A®^ and D' := A®^ . We have 

C c' Do' 



C C' D D 




whe 



-y denotes the maps 7'^fc, 7®*! , 7®^ and 7*^^^ , 

/i denotes the maps /is OTirf /ig/, 

u :— pLsio^®k andu denotes both the maps /i<(07®'»ogCj, and ^s'°l^'' °gCs 



Proof. In fact, 




where the first equality follows from the definition of 6{/3)»6{/3'), the second one, 
from Lemma B.6, and the third one, from Lemma B.2. D 

Proof of Proposition 9.5. Let C := H'^-, C := H'^- , D := A®^ and D' := A®^' 

and let 

P: D®kC -^ E and /?' : D' ®kC' ^ E 
be the maps induced by (3 and /?', respectively. Let 

- 7 denote both the maps 7*^-* and 7*^-* , 

- ^ denote both the maps jig and /is', 

- u denote the map /i^/ o 7*^'= , 

- u denote both the maps fig oj^k ogc^ and fig' 07®*= ogCs/. 



We have 



D d' C c' 



D d' C c' 
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where the first equaUty fohows from Lemma B.9, the second and third ones are 
easy to check (and left to the reader), and the last one follows from Lemma B.7. 
So, in order to finish the proof it suffices to note that the first diagram represents 
d{e{l3)ie{(3')) and that this map induces {-If' d{e{/3) • 0(^'))- □ 



Lemma B.IO. Let C := iJ®% C" := H 



jd D := A®''" . We have: 



c' c n' 




where 

- -y denotes the maps 7*^*= and 7^-^ , 

- /i denotes the map jig' , 

- u := /is' 07®*: and\i denotes both the maps figOj'^kogCg and ^s'°l®'' °Z'^s' ■ 

Proof. By the definition of 6 and Lemma B.2, 

c' c n' 



c' c d' 



c' c d' 





as desired D 

Definition B.ll. Let r' < r and s' < s. For 

TO (g)A xis «) air e M <S)A E®'a ^ A"^" and a e Hom(^^B) (E'^^ ig) A'^" , E) , 
we define 

(m_A7A(vis) «) air)«a e M ®a ^®-^ ° ® ^®" " 

by 

(TO(g)A7A(vis) (8)air)»a:=^mQ:(7A(vis') ® a^*;,) ®A 7A(vy_^i^^) (g&r'+i.T, 

i 

where Y.^ a^'^l ®k ^^sKi,s -^ x(vs'+i,s ® ai^'). 

Proof of Proposition 9.9. The case s < s' or r < r' is trivial. Assume that 
s' <s and r' < r. Let C := H'^i, C := i7®^', D := A®^ and D' ■- A®!-' and let 

P: D(g,kC -^ E 

be the map induced by /3. Let 

- 7 denote both the maps 7®*= and 7®^ , 

- fj, denote the map fXg, 

- u denote the map /Xg o 7®fc, 

- u denote both the maps /i^ 07®*= ogc^ and /ig/ 07®*: ogCj,/. 
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A direct computation shows that 



M d' D c' C 



M d' D c' C 



M o' D c' C 




where the first equahty foUows from Lemma B.IO, the second one from Lemma B.6, 
the third and fourth ones are easy to check (and left to the reader), and the last 
one follows from Lemma B.7. Since the first diagram represents the map 



[m®&lr\H ®k hlsh 



^ Xr^r',s~s'{M) 

■ e{d{[m ® air]H ®k his)«e^(/3)) 



and this map induces (—1)'^ '" ^ ■* times the morphism 



Xrs{M)- 



[m ® aiir\H ®k his I 

this finish the proof. 

Lemma B.12. Let C :== iJ®'. We ha 



^Xr^r',s-s'{M) 



n 





where fi := fij, u := /i o^^fc and u :— ^ 07®*: o gc-. 
Proof. In fact, by Lemma B.2, 

EC EC 
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as desired. 

Lemma B. 13. Let C -.^ H®" . We have 



n 




where g is the map gC2„, S :— 5'®'=, /i :~ fin, 7 •= T^*" ind u :— /xo'yogc^. 

Proof. We proceed by induction on n. The case n = 1 follows from [G-G2, Lemma 
10.7(2)]. Assume n > 1 and let C" :== H'^"'\ Then, 




where the third equality follows from inductive hypothesis and [G-G2, Lemma 
10.7(2)], the fourth one follows from [G-G2, Proposition 4.3] and [G-G2, Lemma 
10.7(2)], and the fifth one, from the definition of Ac and [G-G2, Corollary 4.21]. D 

Proof of Theorem 10.2. For < j < s, let 

Tj : E ®A E^^ ^k ^®' ^E^A E®^'"' ®fc 3®^ 
be the map defined by 

Tj(ao7A(vos) ® air) := ^ 1 ®a T4(Vj+i,J ®a aoT4(voi) «> afj, 
I 

where J2 ^ir ®k ^j+i,s '■— x(vj+i,s ®fc ai,.), and let r, : Xrs — > Xr^s+i be the map 
induced by tj. By Proposition 6.4 we know that 

s 

-D([ao7A(vos) ® air]) = ^(-l)''+^'''Tj([ao7A(vo^) «> ai^]) 

1=0 

module F^{Xr+s)- Hence 

s 

^([ao7(^o) ® sliAh «)fc his) = ^(-l)'+^'6' o r,- o i9([ao7(/io) «) air]^ ®fe hi^) 

3=0 

module F^(Xn+i)- Now, since O^^s+i °tj o^^s is induced by {—lyO^.s+i °tj otJ^s, 
in order to finish the proof we must show that tj = O^.s+i ° tj o iJ^s- In the sequel 

- 7 denotes the maps 7®*= , 7'^fc , 7**^ and 7*^^ , and 7 denotes 7®*= , 

- ^ denotes both the maps /ij and fJ-s-j, 

- u denotes both the maps fij o 7®*: and fig-j ° 7®'= , 

- u denotes both the maps iij 07®*= ogc„- and /is-j 07®*= ogCj,_ , 

- g denotes the map gC2s-2j introduced in item (5) of Section 7, 

- S denotes the map S®'' . 



CYCLIC HOMOLOGY OF BRZEZINSKPS CROSSED PRODUCTS 



61 



Let D -.^ yl®s Ci := iJ®' and Ca := iJ®° '. By Lemma B.4 



Tj O -drs = 





Consequently, by Lemmas B.12 and B.13, 



E D Ci C2 



%.,s+l °Tj odr 




as desired. 



n 
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